
CALCULUS ON MANIFOLDS

1. De Rham cohomology

1.1. Recap. Poincaré lemma for differential forms. Let U be a star-
shaped domain in Rn and ω ∈ Ωk(U) is a closed form, dω = 0. We construct
explicitly a (k − 1)-form α such that ω = dα.

Consider the linear homotopy contracting U to the origin. By definition,
this is a one-parametric family of smooth maps Ht : x 7→ tx, x ∈ U , t ∈
[0, 1]. Obviously, H∗1ω = ω, H∗0ω = 0. The derivative d

dtH
∗
t can be easily

expressed through the Lie derivative along the Euler (radial) vector field
E =

∑n
1 xi

∂
∂xi

, since Ht = F ln t
E (the r.h.s. is the flow of E):

d

dt
H∗t =

d

dt
F ln t
E =

1

t

(
F ln t
E

)∗
LE =

1

t
H∗t (iEd + diE).

Note that despite the “singular” coefficient 1
t , the result is a smooth form

by construction (the incredulous can verify it by direct inspection).
Applying this identity to the closed form ω and integrating the result in

t along [0, 1] we see that

ω = H∗1ω −H∗0ω =

∫ 1

0

d

dt
H∗t ω dt =

∫ 1

0

1

t
H∗t diEω dt = d

∫ 1

0
H∗t iEω dt.

Note that the homotopy Ht is exactly the same that was used to construct
the cone over a chain σ in the “geometric” proof of the Poincaré lemma.

1.2. De Rham complex. The family of infinite-dimensional spaces equipped
with the operator d2 = 0. The cohomology of this complex is by definition
Ker d/ Img d, i.e., the set of obstructions preventing a closed form to be
exact (integrable).

From the Stokes theorem it is clear that any closed form which has a
nonzero integral over a cycle (chain with zero boundary) cannot be inte-
grated. The big “if” is whether this is indeed an obstruction (perhaps,
such forms don’t exist at all) and whether this is a unique obstruction to
integrability.

The question is settled by the de Rham theorem, but there is much more
in stack.

1.3. How to calculate the cohomology. Assume that M =
⋃

i Ui is an
open covering of M such that all Ui and their nonempty pairwise intersec-
tions Uij = Ui ∩ Uj are diffeomorphic to the unit ball (hence subject to the
Poincaré lemma).

Consider a closed 1-form ω ∈ Ω1(M). As we know, in general ω may be
non-exact, but how can one measure the obstruction to non-exactness?

1



2 CALCULUS ON MANIFOLDS

By the Poincaré lemma, all restrictions ω|Ui are exact: there exists a
collection of smooth functions fi ∈ C (Ui), such that dfi = ω in Ui. Such

functions are defined modulo constant terms: f̃i = fi + ci would do the job
for any constants ci ∈ R.

On each (nonempty) intersection Uij the differentials of two functions
must be the same, d(fi − fj) = 0. Therefore there exist constants rij =
−rji ∈ R such that fi − fj = rij . This holds only if Uij is connected, but
we had explicitly assumed this. The values rij are essentially determined by
the form ω.

Suppose that we can find constants ci ∈ R in such a way that

ci − cj = rij = −rji = cj − ci for all i, j such that Uij 6= ∅.

Then replacing the functions fi by the functions f̃i = fi + ci, we see that

f̃i = f̃j on Uij , that is, the “local primitives” fi after correction by suitable
constants ci match each other on the intersections and hence produce the

global primitive f̃ such that df̃ = ω.
Thus the question about “obstruction to integrability” is reduced to the

following problem from linear algebra: when the above system of linear
algebraic equations solvable? A more accurate (and interesting) form of the
same question is as follows.

Let {Ui}i∈I1 be the covering as above, and let I2 = {(i, j) : Uij 6= ∅} ⊆
I1×I1 be the set of indices corresponding to nonempty pairwise intersections.
Consider the linear map

RI1 → RI2 , {ci} 7→ {ci − cj}.

What is the corank of this map, i.e., the codimension of its image?
Note that the “structure” of the map is extremely simple, the devil is in

the combinatorics of indices which is ultimately determined by the covering.

Example 1. Consider the circle which is covered by two maps. . .

1.4. What about 2-forms? In this case we will have to consider triple
intersections.

Primitives of a closed 2-form ω ∈ Ω2(M) are 1-forms ξi ∈ Ω1(Ui) which are
well defined in Ui. As before, they may disagree on the pairwise intersections
Uij :

ξi − ξj = αij ∈ Ω1(Uij .

Obviously, dαij = 0. We want to twist the closed 1-forms ξi by exact 1-forms
ξi + dfi so that after the twist we will have αij = 0. To that end, we have
to ensure that

dfi − dfj = αij in Uij .

Since dαij = 0, we can find smooth functions gij such that dfi−dfj = dgij .
However, in general this does not imply yet that we can find fi such that
gij = fi − fj : if it were the case, we would have gij + gjk + gki = 0, which
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is not guaranteed: in general, the above sum is a nontrivial constant rijk.
However, if we can twist gij by suitable constants cij ∈ R so that

cij + cjk + ckj = rijk

over all triple intersections, then we can resolve the last system of equations
and construct the functions gij and fi as required.

1.5. Čech cohomology. In the initial approximation the Čech cohomology
is defined for acyclical coverings. Those can be thought as coverings of a
manifold by open sets {Ui} such that all nonempty finite intersections are
diffeomorphic to the open ball. Locally this is not a problem: convex bodies
satisfy this condition, so a covering that is fine enough can be assumed
acyclic without loss of generality.

Definition 1. A (real) k-cochain c is a collection of real numbers c =
{ci0i1···ik} associated with all non-empty intersections Ui0···ik = Ui0∩· · ·∩Uik
which is antisymmetric with respect to all permutations of the indices.

For each (k − 1)-cochain c its coboundary is a k-cochain δc defined as
follows,

(δc)i0···ik =

k∑
r=0

(−1)rci0···îr···ik

(the rth index is omitted).

Proposition 1.
δδ = 0.
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