
CALCULUS ON MANIFOLDS

1. Manifolds

Morally, manifolds are topological spaces which locally look like open balls
of the Euclidean space Rn.

One can construct them by piecing together such balls (“cells”) using
smooth maps identifying points in the overlaps.

Example 1. Circle, cylinder, torus.
Cube made of its unfolding. Appearance of corners.
Don’t forget the flaps!

However, it is technically more convenient to proceed in the opposite
direction.

1.1. Formal definition.

Definition 1. A (differentiable) manifoldM is a Hausdorff second-countable
topological space equipped with a family (“atlas”) of mutually agreeing
charts covering the whole of M .

A chart is a homeomorphism x : U → Rn from an open domain U ⊆ M
and a ball in the Euclidean space Rn. The value x(a) = (x1(a), . . . , xn(a))
is called as coordinates of the point a ∈M

Two charts x : U → Rn and y : V → Rn defined on the overlapping do-
mains U ∩V 6= ∅ are said to agree on the intersection, if the transition map
y ◦ x−1 : x(U ∩ V )→ Rn is a C∞-smooth diffeomorphism (between domains
in Rn), ditto x ◦ y−1.

The number n (necessarily the same for all charts) is called the dimension
of the manifold.

Warning 1. Formally, the same space can be covered by charts in many dif-
ferent ways, producing different atlases. However, the corresponding smooth
structures may coincide. This happens when charts from different atlases
can be shuffled together without creating disagreements. To play safe, one
should take the maximal (in the Zorn lemma sense) atlas of mutually agree-
ing charts.

In practice we will always deal with finite or at most countable atlases.

Remark 1. The topological constraints are imposed to exclude pathological
examples like a line with two zeros, huge spaces etc.
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1.2. Examples. Euclidean spaces and their open domains with atlases of
trivial charts.

Subspaces of the Euclidean spaces of smaller dimension (via the Implicit
Function theorem). Spheres.

Quotient spaces. Tori. Projective spaces.
Linear groups. Orthogonal and Special Orthogonal groups.
Cartesian products.
Configuration spaces of mechanical systems.
What is not a manifold? Topological and analytic obstructions.

2. Constructions on manifolds

2.1. Chart-wise approach. Assume that we are given a smooth manifold
with an atlas of charts xα : Uα → Rn, α ∈ A (the atlas may be finite or
even uncountable, what’s important is that it is self-consistent). Let Fαβ =
xβ ◦ x−1

α the transition maps, α, β ∈ A.

Definition 2. A function f : M → R is called C∞-smooth (or simply
smooth) on M , if all compositions fα : f ◦ x−1

α , α ∈ A, are C∞-smooth
on the domains Dα = xα(Uα) ⊆ Rn.

We write then that f ∈ C (M).
Any function f ∈ C (M) can be thus be “recorded” by a collection of

functions {fα(xα)}α∈A, defined in the domains xα ∈ Dα, and related by the
appropriate identities in Dαβ = xa(Uα ∩ Uβ) and Dβα = xβ(Uα ∩ Uβ):

fα ◦ Fβα = fβ on Dαβ ∀α, β ∈ A.

The analogous definition for tangent vectors and vector fields has to be
even less intuitive. Unlike the abstract notion of a real-valued function which
can be defined on any set, there is no abstract notion of a vector tangent
to a topological space, thus the key element in the construction disappears.
The best one can do is an artificial construction as follows.

Definition 3. A tangent vector to a manifold M at a point a ∈ M is a
collection of vectors {vα ∈ Rn} attached at the points xα(a) ∈ Dα, which
are agreeing between themselves in the following sense:

vβ = dFαβ(xα(a)) · vα, if a ∈ Dαβ.

The set of all tangent vectors at a point a is denoted by TaM .

Each chart xα provides an isomorphism between TaM , a ∈ M , and Rn.
The (disjoint) union of all tangent spaces is denoted TM . The above formula
is in fact the hidden definition of the structure of a smooth manifold on TM .
It consists of the atlas of charts on Uα× TUM with the transition functions
given by the pairs

(xα, vα) 7→ (xβ, vβ), xβ = Fαβ(xα), vβ(xβ) = (dFαβ)(xα) · vα(xα).

Definition 4. A vector field on a manifold M is a smooth map X : M →
TM such that X(a) ∈ TaM .
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One can associate with any X ∈ X (M) a collection {Xα ∈ Dα}α∈A of
vector fields in Dα, which are related by the corresponding formulas.

This line of definitions leads to the idea of a tensor, generalizing that of a
tangent vector. The tensors are “collection of numbers associated with each
chart. which are transformed according to certain rules”. Axiomatizing the
computation rules is a cheap way to circumvent the inconvenient questions
about the nature of the things. “The method of postulating what we want
has many advantages; they are the same as the advantages of theft over
honest toil” (Bertrand Russell, 1919).

2.2. Geometric attempt. Another attempt to define the notion of a tan-
gent vector is via smooth curves on the manifold.

Definition 5. A map γ : (R, 0)→M is a smooth (parameterized) curve on
a manifold M , if its images γα = xα ◦ γ are smooth curves in Dα for all
α ∈ A.

Two curves γ, η are mutually tangent at a point t = 0, if ‖γα(t)−ηα(t)‖ =
o(|t|) for some (hence, for all) charts covering a.

Definition 6. A tangent vector at a point a ∈ M is the equivalence class
of curves as above.

Looking at the same curve at different charts, one can verify that this
definition leads to the same object(s). A vector field as a family of tangent
vectors smoothly dependent on the attachment point can be easily formal-
ized.

However, this approach makes it highly non-obvious why the collection
of all tangent vectors at the same point has th structure of a linear (vector)
space. This can be proved by computation, OK, but remember about of
“theft vs. toil”.

2.3. Algebraic approach. It seems that the most aesthetically appealing
approach is mimicking that of algebraic geometry. The only object that
has to be defined chart-wise is that of the ring (R-algebra) C (M) of C∞-
functions.

Other derived objects can be defined in terms of this ring.

Problem 1. Consider the subalgebra of C(R) which consists of all continu-
ous functions which are C∞-smooth outside the origin x = 0, all derivatives
have one-sided limits as x→ ±0, but these limits can be different from two
sides.

Show that this ring is non-isomorphic (in the algebraic sense) to the ring
C (R) = C∞(R).

Hint: assuming such an isomorphism exists, try to guess what can be the
image of f(x) = |x|.
Definition 7. A point map is a morphism a : C (M) → R, f 7→ f(a). It
can be associated with a maximal ideal Ia ∈ C (M) of functions, Ia = {f ∈
C (M) : f(a) = 0}.
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A smooth map F : M → N is the point map associated with a continuous
morphism of the algebras C (N) → C (M). In other words, F is smooth, if
the pullback F ∗ : C(N)→ C(M) takes C (N) ( C(N) to C (M) ( C(M).

A tangent vector is an R-linear map va : C (M) → R, which satisfies the
Leibniz formula

va(fg) = f(a)va(g) + g(a)va(f).

Respectively, a vector field X is an R-linear self-map of C (M) which satisfies
the Leibniz rule

X(fg) = f ·Xg + g ·Xf ∀f, g ∈ C (M).

A smooth curve through a point a is a smooth map γ : (R1, 0)→M . Its
velocity vector at a is naturally a tangent vector γ̇(a) ∈ TaM .

If X ∈ X (M) is a vector field and F : X → Y is a diffeomorphism of
smooth manifolds, associated with an isomorphism F ∗ : C (N) → C (M),
then Y = F∗X is a Leibniz-satisfying self-map Y = (F ∗)−1XF ∗ of C (N).

These definitions by their very nature are global, yet in fact the derivative
Xf at a point a ∈ M depends only on the behavior of the function f and
the field X. More precisely, if U is an open subset such that f ≡ 0 in U ,
then for any X ∈X (M) Xf ≡ 0 in U .

To make a full use of this observation, we should be able to extend func-
tions which are only “partially defined”, f ∈ C (U), U ( M , to functions
defined on the whole of M . This is done using the cutoff function.

Definition 8. A cutoff function at a point a ∈ M is a C∞-function that
is identically equal to 1 in some neighborhood of the point a and vanishes
identically outside a larger neighborhood.

Existence of the cutoff functions is at the core of the difference between
differential and analytic/algebraic geometry. They cannot exist in the cat-
egory of algebraic or analytic functions.

Using a cutoff function, for any open subset U ⊆ M and a specified
compact subset K b U one can extend smoothly any function f ∈ C (U) to

a function f̃ ∈ C (M) in such a way that f = f̃ on K.

2.4. Flows on manifolds. If X ∈X (M), then under certain assumptions
one can construct the flow of X, the family {F tX} of C∞-smooth self-maps
of M such that the tangent vector to each curve γa : t 7→ F tX(a) coincides
with X(a) ∈ TaM .

Theorem 1. If M is compact, then any X ∈X (M) admits the flow defined
on R×M →M , i.e., for all times and all initial conditions.

Proof. This theorem follows from the local theorem of existence and unique-
ness for solutions of ODE’s. Each point a ∈ U admits a neighborhood in
which F tX is defined in a suitable chart for all sufficiently small |t| < τa,
τa > 0. Using compactness, one can choose a finite subcovering from
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{Ua}a∈M , obtain the minimal guaranteed existence time τ = mina τa and
then construct F tX for all t by no more than t/τ compositions. �

Remark 2. If M is non-compact, then the flow may be ill-defined for certain
combinations (t, a) and some X ∈ X (M). However, for any open bounded
subset M ′ (whose closure M ′ ( M is compact), one can modify X so that
it coincides with X on M ′ and has compact support. Just multiply by a
suitable cutoff function.

We already know that diffeomorphisms carry with them (forward or back-
word) various objects, e.g., curves, functions, vector fields etc. Having a one-
parameter family of self-diffeos allows to construct curves in C (M), X (M)
etc., and the group property provides ways to compute the derivatives with
respect to this parameter.

Example 2. If f ∈ C (M) and {F tX} the flow of a vector field X ∈X (M),
then one can produce a one-parametric family of functions {ft = (F tX)∗f} ⊂
C (M).

By definition, its derivative, evaluated at a point a ∈M ,

g(a) =
d

dt

∣∣∣∣
t=0

ft(a) = lim
t→0

f(F tX(a))− f(a)

t
= (Xf)(a)

is the Lie derivative of f along X.

A much more interesting example occurs when we try to differentiate one
vector field along another.

2.5. Lie derivative of vector fields. Let X,Y ∈ X (M) be two vector
fields on the same manifold. Let F tX be the flow of X. Being a self-diffeo,
each F tX pushes forward Y to a vector field Yt = (F tX)∗Y ∈X (M). We can

therefore attempt to compute the derivative d
dt |t=0Yt. However, it is easier

to compute the derivative d
dt |t=0(F tX)∗Y , where the pullback operator (F tX)∗

is defined using the general pullback construction for Φ = F tX . Recall that
if Φ: M → N is a diffeomorphism (or, more generally, a covering map with
nondegenerated differential at each point), then it pulls back vector fields
as follows,

Φ∗ : X (N)→X (M), (Φ∗Y )(x) =
(
dΦ(x)

)−1 · Y (Φ(x)). (1)

As always, dΦ(x) stands for the linear map (differential) from df(x) : TxM →
TΦ(x)N , represented by the Jacobian matrix

(
∂Φ
∂x

)
(x) in the local coordinates.

We will work in the chart near the origin x = 0.

Definition 9. The Lie derivative along a vector field X ∈ X (M) is the
operator

LX : X (M)→X (M), LXY =
d

dt

∣∣∣∣
t=0

(F tX)∗Y.
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It is obvious that LY is an R-linear operator on X (M). A simple ar-
gument involving the identity Φ∗(fY ) = Φ∗fΦ∗Y for any Φ: M → N ,
f ∈ C (N), Y ∈X (M), proves that LX satisfies the Leibniz rule,

LX(fY ) = LXf · Y + f · LXY.

Remark 3. Strictly speaking, one should use different notation for the
pullback operator Φ∗ depending whether it is applied to functions or to
vector fields. The above identity actually means that one can safely use the
same expression in both cases. Moreover, the definition for the Lie derivative
LX above can be considered as “universal”, that is, applicable to all objects
that can be naturally pulled back by smooth maps of manifolds. Thus for
functions we have

LXf = Xf

tautologically.

Theorem 2. For any two vector fields X,Y ∈X (M),

LXY = [X,Y ].

Proof. We will use the fact that

F tX(x) = x+ tX(x) + (terms small with respect to t and x),

so that dF tX(0) = E+tJX(0)+o(|t|), JX = JX(x) = (∂X∂x ) being the Jacobian
matrix of X, and, respectively, its inverse is E − tJX(0) + o(|t|).

On the other hand, by the Taylor formula

Y (F tX(x)) = Y (x) + tJY (x) · Y (x) + o(|t|+ |x|).
Collecting everything together, we see that

(LXY )(0) = −JX(0)Y (0) + JY (0)X(0),

that is, in the local coordinates

LXY = −
(
∂X

∂x

)
Y +

(
∂Y

∂x

)
X.

If we compare this with the formula for the commutator of two vector
fields,

[X,Y ] = XY − Y X =

(
∂Y

∂x

)
X −

(
∂X

∂x

)
Y,

the assertion of the theorem follows. �

Using the anstisymmetry of the Lie bracket and the Leibniz property
proved above, we have an instant corollary.

Corollary 1.

LfXY = fLXY + (LXf)Y, i.e., LfX = f · LX + (LXf)·,
where the second term is interpreted as the multiplication by the function
LXf . �
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A die-hard computator would say that dependence of LX on X is not
tensorial! In particular, the Lie derivative LX at a point a, considered on
vector fields, depends not just on the vector X(a), as was the case with
derivation of functions, but on the derivatives of the coordinates of X at a.

2.6. Properties of the Lie derivative. If LXf = 0, then the function f
is constant along all trajectories of the vector field. Another way to express
this fact is to say that the flow F tX preserves f , (F tX)∗f = f for all t ∈ R.

Theorem 3. If LXY = 0, then (F tX)∗Y = Y for all t ∈ R.

Corollary 2. If [X,Y ] = 0, then F tX ◦ F sY = F sY ◦ F tX for all t, s ∈ R.

The identity [X,Y ] = 0 is a differential identity between components
of the vector fields X,Y which is local, i.e., can be independently verified
in an arbitrary chart. The commutation of the flows is a “global” fact
valid for all times (t, s). It will be important in integrating distributions, a
multidimensional generalization of vector fields.

For the Lie derivatives of functions, one has the identity (XY − Y X)f =
[X,Y ]f by definition (one had to prove that the bracket [X,Y ] is indeed a
derivation). Rewritten in the alternative notation, this fact reads

LXLY − LY LX = L[X,Y ], i.e., [LX , LY ] = L[X,Y ]

(the left hand side is the commutator of two differential operators on func-
tions, the right hand side the derivation along the Lie bracket.

It is very tempting to assume that

[LX , LY ] = L[X,Y ] on X (M). (2)

This is indeed the case: using the formula LX = [X, ·] on vector fields, we
reduce the above claim to the identity which is easy to prove.

Theorem 4. For any three vector fields X,Y, Z ∈X (M),

[X, [Y, Z]]− [Y, [X,Z]] = [[X,Y ], Z].

Proof. This identity, rewritten using the anticommutativity of the Lie bracket,
takes the form

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0.

This is the well-known Jacobi identity. Formally it can be proved by ap-
plying the corresponding first order differential operators to a test func-
tion f and collect different third order derivatives of the form (XY Z)f ,
(ZXY )f etc. with different signs (all six permutations of the letters X,Y, Z
appear twice in the 3× 2× 2 =twelve terms and “mysteriously” cancel each
other). �

What about the Leibniz rule for derivations of vector fields? If we believe
that the bracket [X,Y ] is in any sense a product of two vector fields, then
one should expect the identity

LX [Y,Z] = [LXY,Z] + [Y,LXZ] (3)
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for any three vector fields. Bah! after substituting LX = [X, ·] it turns into

[X, [Y, Z]] = [[X,Y ], Z] + [Y, [X,Z]]

is the same familiar Jacobi identity in a different disguise.
In short, a proper natural definition (in our case, the pullback plus the

derivation) works beyond its initial scope.

Problem 2. Compare Φ and Φ−1, then Φ∗ and Φ∗. Compare (F tX)∗,

(F t−X)∗, (F−tX )∗ and analogous push-forwards (F tX)∗, . . . .

Bottom line: compute the “push-forward derivative” d
dt |t=0(F tX)∗Y and

compare it with LX .
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