
CALCULUS ON MANIFOLDS

1. Manifolds

Morally, manifolds are topological spaces which locally look like open balls
of the Euclidean space Rn.

One can construct them by piecing together such balls (“cells”) using
smooth maps identifying points in the overlaps.

Example 1. Circle, cylinder, torus.
Cube made of its unfolding. Appearance of corners.
Don’t forget the flaps!

However, it is technically more convenient to proceed in the opposite
direction.

1.1. Formal definition.

Definition 1. A (differentiable) manifold M is a Hausdorff second-countable
topological space equipped with a family (“atlas”) of mutually agreeing
charts covering the whole of M .

A chart is a homeomorphism x : U → Rn from an open domain U ⊆ M
and a ball in the Euclidean space Rn. The value x(a) = (x1(a), . . . , xn(a))
is called as coordinates of the point a ∈M

Two charts x : U → Rn and y : V → Rn defined on the overlapping do-
mains U ∩V 6= ∅ are said to agree on the intersection, if the transition map
y ◦ x−1 : x(U ∩ V )→ Rn is a C∞-smooth diffeomorphism (between domains
in Rn), ditto x ◦ y−1.

The number n (necessarily the same for all charts) is called the dimension
of the manifold.

Warning 1. Formally, the same space can be covered by charts in many dif-
ferent ways, producing different atlases. However, the corresponding smooth
structures may coincide. This happens when charts from different atlases
can be shuffled together without creating disagreements. To play safe, one
should take the maximal (in the Zorn lemma sense) atlas of mutually agree-
ing charts.

In practice we will always deal with finite or at most countable atlases.

Remark 1. The topological constraints are imposed to exclude pathological
examples like a line with two zeros, huge spaces etc.
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1.2. Examples. Euclidean spaces and their open domains with atlases of
trivial charts.

Subspaces of the Euclidean spaces of smaller dimension (via the Implicit
Function theorem). Spheres.

Quotient spaces. Tori. Projective spaces.
Linear groups. Orthogonal and Special Orthogonal groups.
Cartesian products.
Configuration spaces of mechanical systems.
What is not a manifold? Topological and analytic obstructions.

1.3. Constructions on manifolds. Computational approach: everything
in local coordinates + transformation rules when variables change.

Geometric approach: “plotting pictures”.
Algebraic approach: via suitable operations in the canonical representa-

tion.
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