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Geometry of polynomial ordinary differential equations
Sergei Yakovenko (Weizmann Institute of Science, Rehovot, Israel)
Algebraic varieties defined by polynomial equations over real
or complex numbers admit explicit upper bounds for their
topological complexity (Betti numbers etc.). These bounds
depend on the dimension and the degrees of the equations. In
this survey we identify a few cases where similar bounds can
be established if the polynomials are replaced by solutions of
differential equations (ordinary or Pfaffian) with polynomial
right hand sides.

1

Introduction and motivation: Hilbert 16th problem

In 1900 David Hilbert presented his famous list of problems,
part of them very concrete, part rather loosely formulated,
which played a prominent role in the development of mathematics in the 20th century. Almost all problems from this
list were solved in one or another way, with only a couple of
diehards left open, one of them the Riemann hypothesis.
The problem listed under the number 16 consisted of two
parts. The first part was the question about the number and
relative position of real algebraic ovals, compact connected
components of the set defined by an equation {H(x, y) = 0} ⊂
R2 , H ∈ R[x, y]. The second part asked “the same” question
about limit cycles, isolated closed compact solutions of the ordinary differential equation P(x, y) dx + Q(x, y) dy = 0 (in the
Pfaffian form) defined by two real polynomials P, Q ∈ R[x, y].
The algebraic part of the problem had seen a steep progress
already by the time it was formulated. A. Harnack obtained
a sharp bound for the maximal possible number of algebraic
ovals, the question remained only about their mutual position,
the way these ovals can be nested into each other. In the specific case of sextics (curves of degree 6) two configurations,
one constructed by Harnack, another by Hilbert himself, were
discovered, and Hilbert conjectured that there were no more
possibilities. It took almost 70 years until the a third configuration was found by D. Gudkov who showed also that this new
list is indeed exhaustive. Since then the accents shifted to the
general study of the interplay between the real algebraic geometry and its proper complexification. The paper [V] by O.
Viro describes the spectacular achievements of this program.
All the way around, the progress with the transcendental
part of the question was formally rather unimpressive. The
only general result is the finiteness theorem due (independently) to Yu. Ilyashenko [I2] and J. Ecalle [É], which asserts
that any polynomial differential equation has at most finitely
many limit cycles. It is not even known whether this finite
number is uniformly bounded over, say, differential equations
of degree 2 (equations of degree 1 cannot have limit cycles
at all). The historical survey [I1] paints a dramatic story of
discoveries and overturns in this area.
One can speculate about general reasons why the two parts
differ so strikingly. One clear distinction is that the transcendental part lacks appropriate complexification. While the notion of a planar polynomial differential equation can be naturally complexified to that of a singular holomorphic foliation

on CP2 , the natural complex analogs of limit cycles generically coexist in infinite numbers.
Arguing more broadly, one could question the mere possibility of generalizing the counting problems, so natural for
algebraic objects (real or complex) and their characteristics
for similarly looking transcendental objects defined by differential equations. In a nutshell, tallying the roots of a polynomial is a meaningful problem while counting the roots of the
sine, a transcendental solution of a second order differential
equation, is not.
The goal of this text is to describe several results showing that sometimes the counting problems admit finite and explicit solutions, if the problem is considered locally. In other
words, objects defined by polynomial differential equations,
locally behave as if they were algebraic (cf. with Example 6
below), and their “geometric complexity" can be explicitly
estimated in terms of the dimension and the degrees of the
equations.
By the geometric complexity of (singular) analytic varieties
one can understand various numeric characteristics (e.g., Betti
numbers), but most of these characteristics can be estimated
from above by the number of isolated intersection points of
certain auxiliary varieties in a standard way (e.g., using the
Morse theory), see the foundational work [M]. To simplify
our task, in the text below we will focus exclusively on the
isolated intersections between invariant subvarieties of polynomial differential equations (e.g., the integral curves of polynomial vector fields) and algebraic subvarieties in the ambient
space (most often affine subspaces of complimentary dimension). We will show that sometimes an explicit upper bound
for the number of such intersections is possible.
2

2.1

Oscillation of linear equations and trajectories of polynomial vector fields
The sine as paradigm

The simplest manifestation of the above feature is the function
y = sin x on the real line. Having infinitely many real isolated
roots, it is obviously non-algebraic, moreover, adding an extra
parameter λ  0, we may squeeze any number of real roots of
the function sin(λx) on any finite open interval (−r, r). However, for any finite λ and any point a ∈ R, the graph of sine
restricted on a sufficiently small neighborhood of a is indistinguishable from the graph of a polynomial of degree 6 3.
More precisely, there exists r > 0 (depending on a, λ) such
that the equation sin(λx) = px + q, describing intersection of
the graph y = sin x with an arbitrary line y = px + q, has
no more than 3 solutions on (a − r, a + r). This result can be
improved: if a is not an inflection point on the graph, then
the number of intersections is no greater than 2. Both bounds
follow from the Rolle theorem on interlacing between roots
of a function and its derivative and the fact that the second
derivative of sin x vanishes only at the inflection points where
the third derivative is nonzero.
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(a)

this equation may well be singular, with the leading coefficient vanishing at some points.
One can, however, construct a nonsingular linear differential equation satisfied by an arbitrary affine function f =
hc, xi + c0 restricted on γ, assuming that γ is a nonsingular integral trajectory of a polynomial vector field P in Rn . Suppose
that P is defined in Rn by a system of polynomial differential
equations

(b)

(b)

ẋi = Pi (x1 , . . . , xn ),

i = 1, . . . , n, deg Pi 6 δ.

(2)

Denote by fk ∈ R[x1 , . . . , xn ] the sequence of iterated Lie
derivatives,
Figure 1: Sine near generic (a) and inflection (b) points

fk+1 =

n
X
∂ fk
i=1

2.2

Solutions of linear ordinary differential equations

This example is a manifestation of the general fact about solutions of arbitrary homogeneous linear ordinary differential
equations with bounded coefficients. Consider the equation
on the real interval [0, r] with, say, real analytic coefficients,
(n)

a0 (t) y

+ a1 (t) y

(n−1)

+ · · · + an−1 (t) y + an (t) y = 0.
0

(1)

If the leading coefficient a0 (t) is nonvanishing on [0, r], one
can divide by it and assume that a0 ≡ 1. This case is nonsingular and zeros of nontrivial solutions to (1) are subject to the
de la Vallée Poussin theorem, see [Y] for the short proof via
Rolle theorem.
Theorem 1. If the length r of the interval is sufficiently small
compared to the magnitude of the coefficients, then any solution of the nonsingular equation (1) may have no more than
n − 1 isolated roots on the interval.
Remark 2. The bound n − 1 is sharp: an equation of order n
always has a nontrivial solution with roots at arbitrarily placed
n − 1 points of any interval.
The smallness condition above is completely explicit:
n
X
i=1

i

Ai ri! < 1,

where

|ai (t)|
< +∞.
t∈[0,r] |a0 (t)|

Ai = sup

The assertion of Theorem 1 remains true if instead of real
equations on the interval we consider equations with complex
coefficients a1 , . . . , an ∈ O(U) holomorphic in a convex domain U ⊂ C of diameter 6 r.
2.3

Trajectories of polynomial vector fields

Given a smooth real analytic parametrized curve γ : (−r, r) →
Rn , γ(0) = 0, the question about its intersection with hyperplanes passing through the origin can be reduced to that
about roots of solutions of a linear nth order homogeneous
differential equation. Indeed, each such intersection corresponds to zeros of a linear combination hc, γ(t)i = 0 for some
c = (c1 , . . . , cn ) ∈ Rn . All such combinations form a linear ndimensional subspace in the space of real analytic functions
on (−r, r). By the standard arguments using Wronskians, such
subspace coincides with the space of solutions of a certain
linear differential equation with real analytic coefficients. Yet

∂xi

Pi ,

k = 0, 1, 2 . . . , f0 = f,

(3)

and the associated ascending chain of ideals in the ring of
polynomials R[x1 , . . . , xn ],
I0 ⊂ I1 ⊂ I2 ⊂ · · · ,

Ik = h f0 , . . . , fk i .

(4)

Because of the Noetherianity of the ring, the chain must stabilize at a certain moment N < +∞, meaning that the last Lie
derivative fN is a combination of the preceding derivatives,
PN−1
aN−k fk . Restricting this identity on the integral
fN = k=1
curve γ, we obtain a linear differential equation of order N
with real analytic coefficients. This allows for application of
Theorem 1. The following result was proved in [NY]. Let
a ∈ Rn be a nonsingular point, P(a) , 0.
Theorem 3. Let a be a non-singular point of the vector field
(2). Then there exists r > 0 such that any integral curve γ of
P
(2) intersects any affine hyperplane Π = n1 pi xi = q inside
the small ball Br = {|x − a| < r} by no more than N points:
#(γ ∩ Π ∩ Br ) 6 N.
Here N = N(n, δ) is an explicit bound, polynomial in δ and
O(n2 ln n)
growing no faster than δ2
(double exponentially) as n →
∞. The radius r > 0 depends on the field (2) and the choice
of the point a and is also explicitly bounded from below.
In other words, small pieces of integral curves of a polynomial vector field of degree δ from the point of view of the intersection theory behave as algebraic curves defined by polynomial equations of the same degree δ yet in a much higher2
dimensional fictitious space Rν , ν = ν(n) 6 2O(n ln n) .
This result holds (with the same estimates) also for integral
curves of polynomial vector fields in Cn .
Remark 4. It is important to note that the size r of the ball
Br in which the bound established in Theorem 3 holds, is explicit. In addition to the parameters n, d, it depends polynomially on the norm |a| and the magnitude of coefficients of the
polynomials Pi defining the field (2).
This is, very roughly, where the “genuine” counting of solutions reaches its current frontier. For instance, the following
statement is only conjectural. Consider two polynomial commuting vector fields P, Q in Rn of degree δ, n > 4, and assume
that a point a ∈ Rn is nonsingular: (P ∧ Q)(a) , 0.
Conjecture 5. There exists r > 0 depending on P, Q, a such
that any intersection between any integral 2-dimensional manifold Γ and any affine subspace Π of codimension 2 inside the
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ball Br = {|x − a| < r}, if isolated, consists of no more then M
points, #(Γ ∩ Π ∩ Br ) 6 M, where M = M(n, d) is an explicit
bound, polynomial in δ.
3

Multiplicity estimates

It turns out that that the Noetherian germs behave similarly to polynomials. The following result was achieved by
A. Gabrielov and A. Khovanskii [GK]. It can be considered
as an infinitesimal version of the Bézout theorem for Noetherian functions, see Example 6.
Theorem 8. If q1 , . . . , qn ∈ C[x, f ] are Noetherian germs,

Let f1 , . . . , fn be n germs at the origin x = 0 of holomorphic
functions of n variables x = (x1 , . . . , xn ), and I = h f1 , . . . , fn i
the ideal generated by them in the ring O(Cn , 0) of such functions. One of the basic results of the Singulartity theory is as
follows: the ideal I has finite codimension

then the multiplicity of intersection is either infinite or explicitly bounded,

µ = µ f = dimC O(Cn , 0)/I < +∞

µ = dimC O(Cn , 0)/ hq1 , . . . , qn i 6 Cn,ν,δ d2(n+ν) ,

(5)

T
if and only if the intersection X0 = ni=1 { fi = 0} is an isolated
point (at the origin) in Cn as a germ of an analytic variety. This
number µ is called the multiplicity of intersection (sometimes
the Milnor number of the tuple fi ). If µ f is finite, the number
of solutions of the system Xc = { fi (x) = ci , i = 1, . . . , n} ⊆ Cn
is equal to µ (if counted with multiplicities) for all sufficiently
small values of c1 , . . . , cn ∈ C (we abuse the notation, identifying the germs fi with their representatives defined in a small
ball in Cn ). However, when the multiplicity is infinite, no conclusion on the number of points in Xc can be made.
Example 6. The classical Bézout theorem implies that for
polynomial germs fi ∈ C[x1 , . . . , xn ] the multiplicity of intersection, if finite, is less or equal to dn , where d = maxi deg x fi :
the bound is polynomial in d and exponential in n.
3.1

Isolated intersections

Instead of counting the number of intersections between a
subvariety defined by a differential equation and an affine subspace, one can attempt to estimate the maximal multiplicity of
intersection, assuming that the latter is finite. This task turns
out to be much more amenable. For instance, the most direct
counterpart of Theorem 3, achieved by A. Gabrielov in [G2],
improves1 the double exponential bound to a single exponential.
Theorem 7. The multiplicity of intersection between trajectory of a polynomial vector field (2) and an affine hyperplane
Π at a nonsingular point a, if finite, is no greater than 23n d2n .
3.2

Noetherian functions

In fact, a much more general fact can be proved. Assume
that a tuple of germs of complex analytic functions F =
{ f1 (x), . . . , fν (x)} in (Cn , 0) satisfies a system of polynomial
Pfaffian equations of the form
dzi =

n
X

Pi j (z, x) dx j ,

i = 1, . . . , ν,

zi = fi (x).

qi = Qi (x, f (x)),

(6)

j=1

Here Pi j ∈ C[z, x] are polynomials of degrees 6 δ ∈ N. Then
one can define the ring of F -Noetherian germs as the subring
C[x, f (x)] of functions in O(Cn , x) which are polynomials in
x and z = f (x). This ring is filtered by the degree d = deg x,z .
The dimensions ν = dim z and the degree δ = maxi, j deg Pi j
are parameters of the ring.

deg Qi 6 d,

where Cn,ν,δ is some explicitly given expression polynomial in
δ and exponential in n, ν.
3.3

Sharpening the bounds

The Gabrielov–Khovanskii bound is polynomial in d, δ and
single exponential in n, ν bound. Simple comparison with the
Bézout bound dn suggests that it has a right asymptotic behavior. However, being a function of several arguments, it allows
a certain measure of trade-off.
For instance, for applications in the transcendental number
theory it is very important to study and sharpen asymptotics
of the bound of contact between a fixed trajectory of a polynomial vector field (2) of degree δ in Cn and an arbitrary algebraic hypersurface of degree d as a function of d with the
remaining parameters (n, δ) being less important. In [G2] it is
shown that the multiplicity of an isolated intersection in this
case does not exceed
22n−1

ν
X

[d + (i − 1)(δ − 1)]2n .

(7)

i=1

This bound, however, is insufficient for the purposes of proving transcendence results in the analytic number theory (see
[N3]): one needs a bound of the form C(n, δ) dn . Such bound
was achieved very recently by G. Binyamini [B1]: by refinement of the Gabrielov–Khovanskii methods, he proved that
the multiplicity does not exceed 2n+1 [d + (n − 1)(δ − 1)]n , thus
closing the gap asymptotically as d → ∞. In fact, in [B1]
he gives the answer in terms of the Newton polytope of the
polynomial which is to be restricted on the integral curve.
3.4

Nonisolated intersections

In the case of a nonisolated intersection one can also find interesting points to count. In the simplest case the problem
may look as follows.
Let X ⊂ (Cn , 0) be an analytic Noetherian variety (defined
by Noetherian functions of known complexity). Assume that
another Noetherian function f does not vanish identically on
X. Then it may well happen that for all sufficiently small ε ,
0 the intersection Xε = X ∩ { f = ε} is zero-dimensional, that
is, consists of finite number of isolated points which converge
to the origin as ε → 0. Geometrically this means that the
closure of the difference X 0 = X r X0 is a (singular) curve
whose intersection with the hypersurface { f = 0} ⊂ (Cn , 0) is
isolated.
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apart from the coordinate axes x = 0 and y = 0, has a oneparametric family of invariant curves of the form y = cx p .
These curves intersect the line y = 0 with multiplicity p which
can be arbitrarily large, whereas the degree of all equations
δ = d = 1 and the dimension ν = 2 stay constant (and rather
small).

Xε
X´

X0

Figure 2: Multiplicity of non-isolated intersections

The question about the number of solutions of the system
x ∈ X,

f (x) = ε,

(8)

which converge to x = 0 as ε → 0, was addressed in the
works of G. Binyamini and D. Novikov [BN1, BN2].

On the other case, the need to address the singular case
is rather pressing. Indeed, consider the situation described
in Conjecture 5, where one is required to count intersections
between a common 2-dimensional integral surface S of two
commuting vector fields P, Q and an algebraic subvariety X
defined by polynomial equations { f = g = 0} in Rn or Cn .
One might hope to reduce the problem to the case of one vector field and one hypersurface as follows. The vector field
R = uP + vQ, where u = Q f , v = −P f are polynomials (the
Lie derivatives of f along the fields P, Q) is tangent to all level
surfaces { f = const} and hence the intersection S ∩ X coincides with the intersection of trajectories of the field R with
the hypersurface {g = 0}. Unfortunately, the polynomial vector field R is usually singular (i.e., vanishes at some points),
which renders Theorem 3 inapplicable.
4.1

Multiplicity estimates (singular case)

Example 10. Consider a planar linear
field ẋ = ax+by,

 vector
ẋ = cx + dy with the real matrix ac db having two non-real
eigenvalues. The integral curves of this field are spirals which
intersect infinitely many times any line passing through the
origin.

It turns out that if γ is a smooth analytic separatrix (analytic
curve through the origin) of a polynomial vector field and it
is “sufficiently non-algebraic”, then one can still estimate its
order of contact with an algebraic hypersurface of degree d
even when the vector field is singular.
Assume first that the curve γ is totally transcendental, that
is, does not belong to any proper algebraic subvariety of (Cν , 0).
Then one should expect that a polynomial hypersurface of degree d will have the multiplicity of isolated intersection with γ
at least at least cγ dν . Indeed, the monomials of degree 6 d after restriction on γ are linear independent (because of the transcendence), hence there must exist a linear combination with
the vanishing order at least dim P(ν, d) − 1, where P(ν, d)
is the linear C-space of polynomials in ν variables of degree
6 d.
The corresponding upper bound for the multiplicity of isolated intersection between γ and a polynomial hypersurface
was achieved by Yu. Nesterenko in [N2] in exactly the same
exponential form. For that purpose the condition of transcendence imposed on γ should be reinforced: in [N1] Nesterenko
introduced the so called D-property. The curve γ is said to
satisfy the D-property with an exponent κ ∈ N, if its order of
tangency with any algebraic invariant subvariety of the vector
field through the singular point is less or equal to κ. The Dexponent depends only on the curve and enters explicitly into
the multiplicity bounds. For curves satisfying the D-property,
the multiplicity of isolated intersection with hypersurface of
degree d can be at most c0γ dν (with a different constant c0γ ,
double exponential in the dimension ν). G. Binyamini in [B2]
improved these results by reducing this constant to a singleexponential size.

Of course, integral curves of this field are not analytic at
the origin.

4.2

Example 11. The planar vector field associated with the system of equations ẋ = x, ẏ = py, p ∈ N (“the resonant node”),

Let us return to the study of roots of solutions to linear differential equations, cf. §2.2, but this time we assume that the

Theorem 9. If f1 , . . . , fn are Noetherian functions, then the
number of confluent solutions of (8) can be explicitly bounded.
The bound is polynomial in d + δ and double exponential in
the dimension n + ν.
Clearly, this result implies explicit upper bound for solutions of any one-parametric system of equations fi (x, ε) = 0,
i = 1, . . . , n, provided that the functions fi depend on the onedimensional parameter ε in a Noetherian way.
The main difficulty of the proof consists in the estimate of
the intersection complexity of the curve X 0 = X r X0 . For algebraic varieties there exists a well developed technique of
decomposition into irreducible components which gives an
explicit bound on the degree degC X 0 and hence on the multiplicity of the isolated intersection X 0 ∩ { fn = 0}. For Noetherian functions and the Noetherian varieties (null sets of the
corresponding functions) there is no similar technique, hence
one has to develop ad hoc tools.
4

Singular case

All previous results on multiplicity are explicitly or implicitly
assuming nonsingularity of the system of differential equations defining the “transcendental variables”, and for good
reason.

Fuchsian singularities
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origin t = 0 is a singular point of the equation (1), that is, one
of the ratios ai (t)/a0 (t) has a pole at the origin.
The simplest examples show that in this case Theorem 1
holds no more and solutions may have infinite number of isolated roots accumulating at the singular point. However, under certain rather natural extra assumptions one can still guarantee existence of finite and explicit bounds.
The first assumption requires the singularity at the origin to
be relatively mild, so that solutions of the equation (1) grow
at most polynomially in |t|−1 as t → 0. This condition, called
regularity, is equivalent to the requirement that the equation
(1) is Fuchsian. The latter condition means that it can be
brought under the form
 n y + b1 (t)  n−1 y + · · · + bn−1 (t) y + bn (t) y = 0,

βi = bi (0).

(10)

If all roots of the equation (10) are real, then one can produce
an explicit upper bound for the number of isolated roots of
any solution of (9), see [RY] for the real case and [BY] for
the complex version.
Theorem 12. If all roots λ1 , . . . , λn of the equation (10) are
real, then there exists r > 0 such that any solution of the Fuchsian equation (9) has no more than (2n + 1)(2L + 1) isolated
roots on the interval (0, r), where L = maxi |λi |.
As in the nonsingular case, the size r of the interval is explicit and depends on the magnitude of the coefficients B =
maxi maxt∈[0,r] |bi (t)|. The claim remains valid for Fuchsian
equations with complex analytic coefficients, if the interval
(0, r) is replaced by a sector {0 < |z| < r, | arg t| < π}. Note
that in this case the bound on the number of roots (even very
close to the singularity) depends not only on the order of the
equation, but also on the magnitude of its coefficients. This is
a new but unavoidable phenomenon.
5

ω(γ) > 0
ω(γ) < 0
γ

Global bounds

Local complexity estimates under certain assumptions can be
aggregated into the global bounds, provided that the necessary
local conditions are satisfied “at infinity” (recall that polynomial differential equations can be naturally extended onto the
projective spaces which are compact).
Example 13. The equation y00 + y = 0 has a non-Fuchsian
singular point at infinity: written with respect to the variable
s = 1t , it takes the form s4 y00 + 2s2 y0 + y = 0 (the prime now
d
stands for ds
). Thus Theorem 12 is not applicable and cannot
prevent the sine from having infinitely many isolated zeros
accumulating to the infinite point s = 0.
On the other hand, if a linear equation with rational coefficients has only Fuchsian singular points on the Riemann

a i+1

ai
Γ

(9)

with real analytic coefficients b1 , . . . , bn ∈ O(C, 0), written
with respect to the Euler derivation  = t dtd . In other words,
the equation is Fuchsian if it becomes nonsingular after expansion in the iterated Euler derivatives  k y rather than the

usual derivatives y(k) = dtd k y.
Another condition refers to the roots of the characteristic
equation
zn + β1 zn−1 + · · · + βn−1 z + βn = 0,

ω(γ) = 0

γ

Figure 3: Geometric Rolle theorem in Rn

sphere CP1 = C∪{∞} and all characteristic roots for all points
are real, then the number of isolated roots of any solution is
finite, and one may hope to obtain an explicit bound.
5.1

Pfaffian intersections

One approach to counting intersections globally was discovered by A. Khovanskii by generalizing the Descartes rule and
is known by the name Fewnomials theory [K]. It applies to
submanifolds in Rn , defined by systems of Pfaffian equations
rather than to trajectories of vector fields.
The simplest example (actually, a version of the Rolle theorem) looks as follows. Assume that Γ is an integral hyperP
surface of a polynomial Pfaffian 1-form ω = ni=1 Pi (x) dxi in
n
n
R , such that R r Γ consists of two connected components
(we say that Γ is a separating solution of the Pfaffian equation
ω = 0).
Consider a real algebraic curve γ ⊂ Rn , assuming for simplicity that it is a smooth complete intersection (i.e., defined
by n − 1 polynomial equations Q1 (x) = 0, . . . , Qn−1 (x) = 0).
This curve consists of several compact components (ovals)
and several non-compact components diffeomorphic to the
real line R1 . Each component can be oriented, which means
that the points of its intersection with Γ are ordered (possibly,
cyclically). Assume (again only for simplicity) that all intersections are transversal, that is, the 1-form ω takes nonzero
value on the tangent vector γ̇(ai ) to the curve at all intersection points ai ∈ Γ ∩ γ.
Then the topological conditions imposed on Γ imply that
the signs ω(γ̇(ai )) are alternating along each component of
γ: the curve must enter and then leave the respective halfspaces into which Γ separates Rn . Looking at the continuous
function ω(γ̇(a)) along each component, we conclude that between any two consecutive intersections γ ∩ Γ there must be
at least one point of contact where the value ω(γ̇) vanishes.
The vanishing condition is polynomial,

ω(γ̇(a)) = 0 ⇐⇒ dQ1 ∧ · · · ∧ dQn−1 ∧ ω (a) = 0.

(11)

By the Rolle theorem, this implies that the number of isolated
intersections #γ ∩ Γ does not exceed the number of solutions
of (11) plus the number of non-compact components of γ.
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The first number does not exceed the product of degrees of
deg dQi and deg ω. To estimate the second number, note that
each non-compact component must intersect twice any sufP
ficiently big sphere n1 xi2 = R, R  1, so their number is
Q
at most 21 · 2 n−1
i=1 deg Qi . These estimates yield an explicit
Bézout-type bound for the number of intersections between
γ ∩ Γ. The simplifying assumptions can be actually replaced
by deformation-type arguments which admit generalization
for the complex case [G1].
Example 14. Consider the common integral surface Γ of two
commuting polynomial vector fields u, v of degree d in R3 ,
cf. with Conjecture 5. This surface locally separates a neighborhood of a nonsingular point and can be defined by the Pfaffian form ω = dV(u, v, ·), where dV is the Euclidean volume
3-form. The 1-form ω is polynomial of degree 6 d2 , and by
the above Pfaffian elimination it can intersect any line (of degree 1) in R3 by no more than d2 + 1 isolated points.
The above construction allows to reduce the study of a
“mixed” system of n−1 polynomial and one Pfaffian equation
to that of two systems of n polynomial equations, the “Pfaffian
elimination”. Under certain assumptions, it can be iterated.
Let U ⊆ Rn be a domain. An (ordered) tuple of real analytic
in U functions P(U) = { f1 , . . . , fν } is called a Pfaffian chain,
if they satisfy a system of polynomial Pfaffian equations (6)
with the additional property: the polynomials Pi j (z, x) in the
right hand side, do not depend on the variables zk for k > i:
dz1 =

n
X

P1 j (z1 , x) dx j ,

j=1

dz2 =

n
X

P2 j (z1 , z2 , x) dx j ,

j=1

(12)

···
n
X
Pν j (z1 , . . . , zν , x) dx j .
dzν =
j=1

The triangular structure of the equations (12) allows to apply
the Pfaffian elimination inductively as explained in [K] and
produce explicit bounds for the number of solutions for systems of equations of the form
Q1 (x, f ) = 0, . . . , Qn (x, f ) = 0,

x ∈ U, f = ( f1 , . . . , fν ).

Unfortunately, the Fewnomials theory can only partially be
complexified, the main obstruction being absence of a suitable analog of the Rolle theorem, see [KY, G1].
5.2

Fuchsian equations on RP1 and CP1

One context in which the problem of counting complex intersections can be fully globalized, is that of Fuchsian equations
on CP1 (i.e., linear equations with rational coefficients, having only Fuchsian singular points, cf. with §4.2). Because
of the homogeneity, any linear equation with rational coefficients can be brought to the form where the coefficients are
polynomial:
a0 (t) y(n) + · · · + a1 (t) y0 + an (t) y = 0,
a0 , . . . , an ∈ C[t],

gcd{a0 , . . . , an } = 1.

(13)

The roots t1 , . . . , tµ of the leading coefficient a0 and possibly
the point t = ∞ are singular for (13). The assumption that all
these points are Fuchsian imposes additional constraints on
the polynomials ai .
Theorem 12 implies (by compactness of the real projective
line) that if the equation (13) has real coefficients ai ∈ R[t]
and all its real singular points ti ∈ R have only real characteristic roots, then the number of isolated zeros of any real
solution of (13) of this equation on any real interval free from
singularities, is finite. To find an explicit bound for this number, one has to identify parameters on which the answer might
depend. Apart from the order n of the equation and the degree
d of the coefficients, the answer necessarily must depend on
the “magnitude of the coefficients”, the numeric measure of
how large are non-principal coefficients a1 (t), . . . , an (t) ∈ C[t]
compared to the principal one a0 (t).
The string of polynomials {a0 , a1 , . . . , an } in (13) is defined
modulo a common scalar factor. To normalize it, let k · k be
l1 -norm on the C-space of polynomials C[t] (the sum of absolute values of all coefficients). Then the expression S =
kai k
may be considered as the natural measure of
maxi=1,...,n ka
0k
the “magnitude of the coefficients” of the equation (13), cf. with
the parameters A = maxi=1,...,n Ai from Theorem 1 and B from
Theorem 12. We call the value S the slope of the differential
equation (13). Clearly, any bound on the number of isolated
roots of solutions of (13), besides the order of the equation
and the degree of its coefficients maxi deg ai , must depend on
S , explicitly or implicitly.
It turns out that the order, degree and slope of the equation alone are insufficient to majorize explicitly the number
of roots of its solutions. The “hidden” parameter is the configuration of the singularities. In [BY] one can find a discussion of what may happen with roots of solutions in a parametric family of equations with confluent singularities: without
knowing a lower bound on the distance |ti − tk | between different singular points, one cannot achieve any bound on the
number of roots of solutions, even in the case where each singularity by itself has a real spectrum and hence covered by
Theorem 12. On the other hand, the collection of the discrete
(n and d = max deg ai ) and continuous data (the slope S and
ρ = mini, j |ti − t j | > 0) are sufficient to produce an explicit
global upper bound for the number of real roots of solutions
of (13), see [BY].
The above phenomenon does not exclude the possibility
that there are certain families of equations of the form (13)
which admit explicit upper bounds for the number of zeros,
uniform over all configurations of singularities. It turns out
that if the family is isomonodromic in the complex domain2 ,
then one can obtain uniform bounds for the number of isolated complex roots of solutions. Such families are most conveniently represented by systems of linear Pfaffian equations
with rational coefficients.
Remark 15. If instead of the real roots of solutions to (13) we
decide to count complex isolated roots, then it is necessary
to address the ramification of solutions over the singular locus Σ ⊂ CP1 . Indeed, after analytic continuation of a given
solution y = f1 (t) one obtains another solution y = f2 (t) and
so on; the total number of different branches obtained by analytic continuation is in general infinite. Even in the “good”
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case where each branch has only limited number of roots in
a simply connected domain, all branches together in general
would have infinitely many such roots. Thus the problem of
counting of roots should be restricted on all simply connected
subsets of CP1 r Σ. Yet if such domain spirals around a singular point, the above phenomenon may still be possible. The
correct way is to consider only subdomains of the simplest
form, e.g., triangles (in the affine chart t). For a given linear
equation Ly = 0 as in (13) with the singular locus Σ(L) denote
by N (L) the supremum (finite or not)
N (L) = sup
T ⊂CrΣ

CPm

Τ

f : L f =0

l

taken over all open triangles T ⊂ C free from singular points
(including those with one of the vertices at infinity) and all
solutions of the equation.
5.3

a

sup #{t ∈ T : f (t) = 0}

γa

Σ

Integrable linear systems on CPm

Consider a matrix-valued rational 1-form Ω on the complex
projective m-space CPm : such form is defined by n2 rational
1-forms ωi j , i, j = 1, . . . , n. Denote by d the maximal degree maxi, j deg ωi j . This form defines a vector Pfaffian equaP
tion dx = Ωx or an equivalent system dxi − nj=1 x j ωi j = 0,
i = 1, . . . , n, of Pfaffian equations linear with respect to n dependent variables x1 , . . . , xn .
Denote by Σ the polar divisor of the form Ω (the union of
polar divisors of the entries ωi j ). We consider only integrable
Pfaffian systems which admit holomorphic solutions in CPm r
Σ ramified over the polar divisor Σ. The condition dΩ = Ω∧Ω
is necessary and sufficient for the integrability. The system is
called regular, if its solutions grow at most polynomially near
Σ, cf. with §4.2.
For any oriented closed loop γ : [0, 1] → CPm r Σ, γ(0) =
γ(1) = a, the result of analytic continuation along γ defines an
automorphism Mγ of the n-space of solutions of the Pfaffian
system, as any solution x(t) is locally uniquely determined by
its value x(a) ∈ Cn . The correspondence γ 7→ Mγ is called the
monodromy of the system; it is a linear representation of the
fundamental group π1 (CPm r Σ, a).
Definition 16. A small loop around a point a ∈ Σ is the image
of a sufficiently small circle {|z| = r} by a map (holomorphic
curve) χ : (C, 0) → (CPm , a) such that χ(z) < Σ for z , 0. This
loop is well defined as a free homotopy class. If a is a smooth
point on the polar divisor Σ, then the small loop also does
not depend (again as a free homotopy class) on the choice of
χ. Consequently, the monodromy operator Mγ along a small
loop γ is well defined modulo conjugacy in GLn (C).
For any 1-dimensional line ` ⊂ CPm , not entirely lying in
Σ and equipped with an affine chart t, the system dX = ΩX
can be restricted on ` and reduced to a system of ordinary linear differential equations ẋ = A(t)x with some rational matrix
function A(t). If we consider a pencil of lines passing through
a fixed point in CPm , the corresponding restrictions can be
considered as a parametric family of linear systems, analytically depending on m − 1-dimensional parameter. If the initial
system was integrable, then the corresponding family will be
isomonodromic: the result of analytic continuation of solutions along a path avoiding the singular locus is independent
of the parameter.

Figure 4: Singular Pfaffian system on CPm with singular locus Σ
and its restriction on a line `

Solutions of this system are ramified over the locus Σ` =
Σ ∩ `, and one can attempt to count zeros of arbitrary linP
ear combinations yc (t) = ci xi (t) “globally” on ` exactly as
described in Remark 15. Define the number N (Ω) as the
supremum of the number of isolated zeros of all linear combinations in all open triangles,
N (Ω) =

sup

sup

sup #{t ∈ T :

T ⊂CPm rΣ x : dx=Ωx c∈Cn

P

ci xi (t) = 0}. (14)

We will specially consider the linear systems of the form
dx = Ωx, defined over Q: this means that in some affine chart
(t1 , . . . , tm ) on CPm each of the rational forms ωi j has coefficients from the field Q(t1 , . . . , tm ). In other words, the matrix
1-form Ω can be explicitly written using the variables ti , their
differentials and natural numbers. This allows to introduce
the “magnitude-like” parameter of the linear system, its size
S (Ω) as the maximal natural number required to write down
Ω explicitly.
5.4

Quasialgebraic systems

The principal result can be formulated as follows: an integrable regular Pfaffian system admits uniform upper bound
on the number of roots of its solutions, if the monodromy operators along all small loops have only modulus one eigenvalues. For systems defined over Q this bound is explicit double
exponential. More precise formulation follows, see [BNY].
Theorem 17. Consider an integrable Pfaffian n-dimensional
system dx = Ωx with rational coefficients of degree 6 d on
the projective space CPm . Assume that
1. the system is regular, i.e., all its solutions grow at most
polynomially when approaching the singular locus Σ;
2. each monodromy operator Mγ along any small loop γ,
has its spectrum on the unit circle |λ| = 1.
Then the supremum defined in (14) is finite: N (Ω) < ∞. If in
addition
3. Ω is defined over Q and has the known size S (Ω) 6 s,
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then the supremum (14) is explicitly bounded:
N (Ω) 6 s2

Poly(n,m,d)

,

[BY]

(15)

where Poly(n, m, d) is some explicit polynomial of degree 6
20 in the parameters n, m, d.
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Applications

In practice Theorem 17 is applied in the cases where a tuple
of solutions is given initially and the Pfaffian system appears
only aposteriori as a differential identity satisfied by these solutions, see [BNY, Appendix A]. The principal application
concerns periods, or (compelete) Abelian integrals. These are
integrals of rational 1-forms over cycles on algebraic curves,
and vanishing of periods is a condition describing appearance
of limit cycles in perturbation of planar integrable polynomial
vector fields.
A general planar algebraic curve Ct of degree 6 k + 1 on
P
i j
(X, Y)-plane is defined by the equation k+1
i+ j=0 ti j X Y = 0.
The nonzero string of coefficients {ti j }k+1
i+ j=0 defined modulo a
common factor parameterizes the space of all such curves by
points of the projective space CPm , m = 21 (l+1)(k+2). Generically the monomial forms αi j = X i Y j dX, 0 6 i, j 6 k generate
the cohomology of Ct and the tuple of periods xi j (t) =
H
α
satisfies a system of Pfaffian equations of dimension
Ct i j
2
n = k , known as Picard–Fuchs system or, more geometrically, the Gauss–Manin connection. The polar locus Σ of this
system consists of several components, but one can easily see
that integrals grow at most polynomially as the parameters
t approach Σ. The monodromy condition follows from the
Picard–Lefschetz formulas and the Kashiwara theorem. Thus
the only nontrivial condition to verify remains the fact that the
Picard–Fuchs system is defined over Q and estimate its size.
Application of Theorem 17 allows to prove the following result.
Corollary 18. The integral of a polynomial 1-form of degree
6 k over ovals (compact closed components of level curves)
of a polynomial of degree k + 1 may vanish no more than
P(k)
22 times unless it vanishes identically. Here P is an explicit
polynomial of degree no greater than 61.
By the classical Poincaré–Pontryagin criterion, this implies
that a perturbation of the polynomial Hamiltonian system Ẋ =
∂H
∂H
∂Y , Ẏ = − ∂X with a polynomial Hamiltonian H ∈ R[X, Y] of
degree k + 1 by polynomial non-conservative perturbation of
degree k may produce no more than the double exponential in
k number of limit cycles. This brings us back to the Hilbert
16th problem, discussed in the introduction.
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Notes
1. In fact, both Theorems 7 and 8 were proved with a slightly better estimates than stated, but the precise expressions are much more involved
while being of the same growth rate.
2. A parametric family of linear differential equations or their systems is
called isomonodromic, if the result of analytic continuation of any fundamental system of its solutions along a loop avoiding singular points,
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locally does not depend on the parameters, in particular, when singularities inside the loop collide.
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