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LECTURE. INTEGRATION AND ANTIDERIVATIVE.

ROTHSCHILD–CAESARIA COURSE, 2015/6

1. Integration

Historically, it was the problem of computing areas and volumes, that
triggered development of the modern calculus.

1.1. Definite integral and the area under the graph. Computing the
area of the shape bounded, say, by the graph of f(x) = x2, the horizontal
axis y = 0 and the vertical line x = 1, can be done by elementary methods:
this amounts to computation of the sums
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for large n ∈ N.
One can prove by induction an explicit formula for the sum
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3 +o(1) as n→∞.

However, if the function f(x) = x2 is replaced by a more general polyno-
mial of higher degree, then the summation becomes more and more sophis-
ticated. Alternative is required.

But first of all, what is the area? more specifically, what is the area of
the “trapeze” between the graph of a positive function f : [a, b] → R+, the
axis y = 0 and two lines x = a and x = b?

The definition is based on the idea of the inequality valid for polygons on
R2: if P,Q are two polygons with P ⊆ Q, then area(P ) 6 area(Q).

Let P = (x0, . . . , xn) be n points on [a, b], a = x0 < x1 < · · · < xn = b (it
will be called an n-partition), and f : [a, b]→ R a function on [a, b]. Define
the two auxiliary functions,

f−P(x) = inf
x∈[xk−1,xk]

f(x), if x ∈ [xk−1, xk],

f+P(x) = sup
x∈[xk−1,xk]

f(x), if x ∈ [xk−1, xk].

The graph of each of these functions is a polygon on the (x, y)-plane, hence
the area S±P(f) can be easily computed for any partition P. Since f−P(x) 6
f(x) 6 f+P(x), we always have the inequality S−P(f) 6 S+

P(f). If the area
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S(f) under the graph of f exists in any sense, it must separate the two sets,
S−P(f) 6 S(f) 6 S+

P′(f) for any two partitions P,P ′. If there is more
than one such number, we are in trouble, but if this number is unique, there
is no other choice but to call it the area.

Definition 1. A function f : [a, b] → R is called (Riemann) integrable (on
this segment), if

sup
P

S−P(f) = inf
P
S+

P(f),

the supremum/infimum being taken over all n-partitions P for all n. The
(unique) common value above is called the Riemann integral of f and de-

noted
∫ b
a f(x) dx. The corresponding sums are called lower (resp., upper)

integral sums for f on [a, b].

Remark 1. An unbounded (on a finite segment) function f does not admit
either lower or upper approximation f± so one of integral sums if ±∞. Thus
by definition it cannot be Riemann integrable.

Remark 2. The notation is both historically and mathematically justified:
it is for a good reason that instead of the function f we integrate the “dif-
ferential” f(x) dx. Later we will learn that this notation is well adapted
mnemonically to the change of the independent variable x. By the way, the
notation of the derivative f ′(a) also conceals the choice of the independent

variable, so in a sense the “old-fashioned” notation df
dx (a) is better!

Obviously, the constant function f(x) = c is integrable on any (finite)

interval, and
∫ b
a cdx = c(b − a). The functions f(x) = x2 and f(x) = x3

are also integrable, as the above computations show (one has to ensure that
there is no gap between the lower and the upper sums).

Theorem 1. Any function f : [a, b]→ R continuous on [a, b], is integrable.

Some functions are non-integrable, however.

Example 1. The Dirichlet function f(x) = 1 or 0 depending on whether
x is rational or not, is non-integrable on any segment. Indeed, since both
rational and irrational numbers are dense, all upper sums will be b−a, while
all lower sums are zero.

Example 2. If f is integrable on [a, b] and g differs from f only in finitely
many points, then g is also integrable on [a, b].

Example 3. The function f(x) = 1/x is non-integrable on the segment
[0, 1] regardless of the way how one defines f(0).

Remark 3. Integrability on infinite segments is out of question currently:
any finite partition will necessarily involve the infinite difference xn− xn−1,
although sometimes the areas of the infinite shapes are finite.

Remark 4. If f is integrable on [a, b], then it is integrable on [a, c] for any
c ∈ (a, b). Prove it!
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2. The Newton–Leibniz formula: the magic key

Theorem 2. Assume that f : [a, b] → R is a continuous function, and
F (c) =

∫ c
a f(x) dx is the integral of f over [a, c] as a function of the right

endpoint c ∈ [a, b].
Then F is a differentiable function on [a, b], F (a) = 0 and F ′(c) = f(c)

at any point c ∈ [a, b].

Definition 2. A function F is called an antiderivative of f , if F is differ-
entiable and DF = f .

Corollary 3 (inversion). If F is an antiderivative of f , then
∫ b
a f(x) dx =

F (b)− F (a).

Computation of derivatives is an explicit process, in particular, derivative
of an elementary function is again an elementary function. Thus there is a
Google way to compute integrals: ask computers to differentiate all possible
functions and search among the results to find out whether your specific
function is somewhere in the database.

There are easy rules which follow from the corresponding rules of the
differentiation:

• linearity (antiderivative of a linear combination is a linear combina-
tion of antiderivatives);
• anti-Leibniz rule: if f = uv and antiderivative of v is known, V ′ = v,

then one can express the answer in terms of uV and the antideriva-
tive of the function g = u′V . There are no apriori reasons why the
latter antiderivative is easier to compute, but sometimes it indeed
is. This trick is called “integration by parts”.
• However, the thumb rule is that you should be quite lucky to find

an explicit (“elementary”) antiderivative for your function.

Example 4. If u = x, v = ex, then V = ex, so the antiderivative for xex

can be expressed through the function uV = xex and the antiderivative of
u′V = ex which is again the exponent ex. Repeating the same trick, one
can reduce computation of the antiderivative of x2ex to that of xex, already
known by the previous trick. It looks like a treachery, but surprisingly it
works and, moreover, allows to define the value of the factorial F (n) = n!
from natural to all real (and even complex) values of the argument (Euler).
Mysteriously, (12)! = 1

2

√
π. . .

Example 5. All monomials xn, n ∈ Z, are antiderivatives of the monomials
xn+1

n+1 , except for n = −1: there is no algebraic function f satisfying the

equation f ′ = 1
x .

Antiderivative of x−1 is the logarithm lnx. This is how the logarithmic
and exponential functions enter the algebraic world.

Example 6. Antiderivatives of the elementary trigonometric functions (when
they can be computed) are usually trigonometric.
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The bridge between the trigonometric functions and algebraic functions
is the identity

(arctanx)′ =
1

1 + x2
.

This has amazing consequences! “Trigonometric” constants (e.g., π, the
most mysterious number in math) can be expressed through the “rational”
series. Upon the second thought, π/2 is the area between the curve x2+y2 =
1 (the unit circle) and the upper half-plane {y > 0}... Integration is a source
of many miracles.

2.1. Change of variables. Assume that f is integrable on [a, b], x = ϕ(t)
is a monotonously growing differentiable function, ϕ(A) = a, ϕ(B) = b.

Theorem 4.∫ b

a
f(x) dx =

∫ B

A
f(ϕ(t)) · dϕ

dt
(t) dt =

∫ B

A
(f ◦ ϕ) dϕ.

First proof. Use the chain rule for derivation

d

dt
(F (ϕ(t)) =

dF (ϕ(t))

dx
· dϕ(t)

dt

apply it to the case where F ′ = f and integrate both sides from A to B. �

Second proof. Consider a partition P and its ϕ-preimage Q = {A = t0 <
t1 < · · · < tn = B}, ϕ(ti) = xi. Then the values of the functions f±(ϕ(t))
on [tk−1, tk] coincide with the values of f± on [xk−1, xk], but xk − xk−1
by the Lagrange theorem is ϕ′(ξk)(tk − tk−1) for some intermediate points
ξk ∈ (tk−1, tk). If the derivative ϕ′ is continuous, the upper and lower sums
S±P(f ◦ ϕ) converge to the integral of (f ◦ ϕ) · ϕ′. �

2.2. The Stieltjes integral. One can slightly generalize the notion of the
Riemann integral. Let f, g be two functions on [a, b], with f continuous
and g monotonous (growing). Instead of the Riemann sums S±P(f) =∑

k f
±(x)(xk − xk−1) one can consider the Stieltjes sums

S±P(f, g) =
∑
k

f±(x)(g(xk)− g(xk−1)).

These sums converge in the sense that

sup
P

S−P(f, g) = inf
P
S+

P(f, g).

The common value is the Stieltjes integral denoted by∫ b

a
f(x) dg(x).

Example 7. If g(x) has a continuous derivative g′, then the Stieltjes integral
is equal to the Riemann integral,∫ b

a
f dg =

∫ b

a
f(x)g′(x) dx.



ANALYSIS FOR HIGH SCHOOL TEACHERS 5

Example 8. Assume that g(x) is a step function,

g(x) = ci if x ∈ [xi−1, xi) for some partition P, c1 < c2 < · · · < cn.

Then the Stieltjes integral of a continuous function f reduces to a finite sum,∫ b

a
f dg =

n−1∑
i=1

f(xi)(ci+1 − ci).

Thus the Stieltjes integral “interpolates” between the genuine integration
and the finite sums (if g has jumps).

Theorem 5 (change of variables in the Stieltjes integral). If ϕ : [A,B] →
[a, b], t 7→ ϕ(t) is a monotone differentiable change of variables, f, g : [a, b]→
R are two functions such that the Stieltjes integral

∫ b
a f dg exists, then∫ b

a
f dg =

∫ B

A
F dG, F = f ◦ ϕ, G = g ◦ ϕ.

Proof. This is a tautological statement related to the upper/lower sums. �

Contemplation of the Stieltjes integral and its transformation clarifies
the reason, why we integrate not a function f , but rather a “differential”
dF = f(x) dx. The Newton–Leibnitz formula then becomes the “obvious”
identity ∫ b

a
dF = F (b)− F (a).

2.3. Integrability of discontinuous functions. Integration “improves”
the regularity of functions.

Example 9. If f(x) = sign(x) = ±1 for ±x > 0, then (regardless of the
choice for f(0)) this function is integrable on any segment, and

∫ a
0 signx dx =

|x|. Note that the function F (x) = |x| is not exactly antiderivative of f : F
is non-differentiable at a = 0. Yet F is continuous and F ′(a) = f(a) for all
a 6= 0.

This example can simplified even more: let f be continuous and F ′ = f .
Consider the function f̃ which differs from f at one point only. Then f̃ is dis-
continuous at this point, yet integrable, and F is an “almost antiderivative”
of f̃ as well.

Proposition 6. Any bounded function having only finitely many points of
discontinuity, is integrable.

In fact, a stronger statement can be proved.

Definition 3. We say that a subset C ⊆ R is ε-small for some ε > 0, if it
can be covered by finitely many open intervals of total length less than ε.
The set C has zero length, if it is ε-small for any ε > 0.

Of course, all finite sets have zero length. One can construct infinite sets
of zero length, e.g., C = { 1n : n ∈ N} (prove it!).
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Theorem 7. A bounded function continuous on the complement to a set of
length zero, is integrable.

This is already very close to the necessary and sufficient condition of
integrability (Lebesgue, early 20th century).

Definition 4. A subset C ⊆ R is said to have zero measure, if for any ε > 0
it can be covered by countably many open intervals of total length less than
ε > 0.

Example 10. Any countable subset of R, e.g., C = Q, has measure zero.

Theorem 8. A bounded function is integrable if and only if it is continuous
on the complement to a set of measure zero.

3. Conclusions

The problem of computing areas, volumes etc., can be solved by com-
puting definite (Riemann) integral. By the Newton–Leibniz fundamental
theorem, instead of calculating the limits of integral sums, one can search
for an antiderivative. Unlike derivation which is always “explicitly com-
putable” (hence can be trusted to computers managing symbolic computa-
tions), antiderivations can be really new functions not admitting “explicit
expression”.

Integration regularizes functions (makes them behaving better).
The Riemann approach to integration is not the only one possible: there

exist other constructions (most notably the Lebesgue integral) which can be
applied to a broader class of functions.

One can work out some ways to define (and compute) integrals of un-
bounded functions or integrals over infinite intervals. For instance, the area
under the graph of the function f(x) = 1

1+x2 on the whole real line R, is
equal to π. In fact, integrals over the entire real line R are sometimes easier
to compute than integrals over finite segments (the reasons for this lie in the
complex domain).
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