
ANALYSIS FOR HIGH SCHOOL TEACHERS

LECTURE 3. REAL NUMBERS AS SOLUTIONS TO

INFINITE SYSTEMS OF INEQUALITIES

ROTHSCHILD–CAESARIA COURSE, 2013/4

1. Order

1.1. What is an order? The order on a set A is a binary relation between
elements of this set. Formally any binary relation is simply a subset G ⊆
A × A of ordered pairs, but instead of writing (a, b) ∈ G, we use some
asymmetric symbol, usually <, ≺, ∝ etc., and write a < b, a ≺ b or a ∝ b.

Having one order, one can produce some others, e.g., the order a 6 b
means “a < b or a = b”, and the order > is defined by the transposition of
terms: a > b if and only if b < a. We can use this patent of “inverting the
arrows freely.

Some (but not all) orders may be reflexive, with a 6 a holding for every
a ∈ A. Other are anti-reflexive, a < b always means that a 6= b.

In all cases we require the order be transitive, i.e., if a ≺ b and b ≺ c,
then a ≺ c.

The order is linear, or complete, if for any two numbers a, b ∈ A at least
one of the three “inequalities” holds, a ≺ b, b ≺ a or a = b. Not all orders
are linear!

Example 1. The Pareto order between points (x, y) on the plane is defined
as follows: (x1, y1) � (x2, y2) if x1 6 x2 and y1 6 y2. This is a partial
“nonstrict” order, (x, y) � (x, y) for any point, and it is transitive, but not
complete: the points (0, 1) and (1, 0) cannot be compared with each other.

1.2. Order on N. The natural order < on the natural numbers is defined
in terms of the Peano axioms, for instance, by inductive rules

• 1 < n for any number n ∈ N different from 1;
• if m < n and m+ 1 6= b, then m+ 1 < b;
• n < n+ 1.

Here by m+ 1 we denote the “number following immediately after the num-
ber m”, the successor Succ(m), as was introduced in the previous lecture.
One can play this game to show that this order is compatible with the addi-
tion/substraction operations: if m < n, then for any k we have m±k < n±k,
whenever both parts are natural.
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1.3. Order on Z. The integer numbers Z inherit the order relations >,<
,>,6 from N, with the only new feature: while in N there is the minimal
element, satisfying the inequality 1 6 n for any n ∈ N (but no maximal ele-
ment), in Z there are neither minimal nor maximal elements. By definition,
0 + 1 = 1, hence 0 < 1, and −1 + 1 = 0, hence −1 < 0.

The compatibility of this order with the addition/subtraction (the struc-
ture of the additive group) on Z is obvious (yet needs the formal inductive
proof based on the step a < b =⇒ a + 1 < b + 1). Moreover, if a < b and
m < n, we can show (by tedious but easy argumentation) that a+m < b+n.
The positivity of the product n · a for positive a and n follows from adding
n times the inequalities 0 < a. All other elementary properties of the order
on Z follow from these evident “theorems”.

Having established the arithmetic properties of the order < (its behavior
by arithmetic operations in Z), we note that the order is completely defined
by indication of all positive numbers (“solutions” of the inequality 0 < x).

Problem 1. Prove that for any pair of consecutive numbers a, b ∈ Z (such
that b = a+ 1), any other (different from a, b) integer number c satisfies one
of the two inequalities, c < a or c > b. In other words, there is no other
integer numbers between a and b, they are the nearest neighbors.

1.4. Order on Q. In the same way the rational numbers inherit this order
by application of the two rules:

m

n
<
p

q
⇐⇒ m

n
− p

q
< 0,

p

q
< 0 ⇐⇒ pq < 0.

Defined this way, we obtain a well defined linear order < on the rational
numbers Q.

Remark 1. Unlike the field Q, the projective line QP 1 = Q ∪ {•} has no
order compatible with that on Q.

Problem 2. Prove that. Idea: consider various possibilities • > 0, • < 0,
reducing each one to a contradiction.

Note that, unlike the extension from N to Z, we lost yet another im-
portant ingredient of the picture, the “counting property”: the functions
successor(n) and precursor(n), well defined on N (not always) and on Z (al-
ways), are never defined on Q. More precisely, we can, of course, still use
these operations meaning “adding 1” and “subtracting 1”, yet there is no
“nearest neighbors” as in Problem 1.

On the contrary, between any two rational numbers r1 < r2 there lies
infinitely many other different rational numbers (prove that).

2. Using the order to solve equations

2.1. Square root of two revisited: the method of the middle point.
We can try to find “solution” of the equation x2 = 2 by trial and error,
using subsequent approximations. If � is the solution (cf. with the previous
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lecture), and we choose “the positive root” from the pair {−�,�}, then we
can compare � with rational numbers using the rule

� >
p

q
⇐⇒ �2 = 2 >

p2

q2
, � <

p

q
⇐⇒ �2 = 2 <

p2

q2
.

(As we know, the equality is impossible).
Using this rule, we con-

clude that 1 < � < 2. Then
we compare the middle point
1+2
2 = 3

2 with � and con-

clude that � < 3
2 . The root

� must hence belong to the
segment [1, 32 ]. Taking the

middle point 11
4 = 1

2(1 + 3
2) we find a smaller segment [54 ,

3
2 ] containing

the root �.
The process of taking the middle point can be repeated endlessly (“by

induction”). Having already discovered two rational numbers ln, rn such
that ln 6 � 6 rn, we compare their mean mn = 1

2(ln + rn) with �. If
mn < �, then we replace the segment [ln, rn] by [ln+1, rn+1] = [mn, rn]. If,
on the contrary, mn > �, then we set [ln+1, rn+1] = [ln,mn].

Summarizing this process, we construct two sequences of rational numbers
ln, rn ∈ Q, such that:

(1) for any n, k we have ln < rk (prove this!);
(2) the distance |rn− ln| decreases to zero (as the geometric progression

with the denominator 1
2) as n grows;

(3) the “root of the equation” x2 = 2 satisfies the infinite system of
inequalities

ln 6 x 6 rn, n = 1, 2, 3, . . . . (1)

Thus we may attempt to “define” the root � as “the unique solution” to
the infinite system of inequalities (1).

Problem 3. Why there is no rational number satisfying all inequalities
obtained for the element �?

2.2. Other examples: rational numbers 1
3 , 1, . . . . The same method of

the middle point can be used to solve also linear equations, e.g., the equation
3x = 1. We again start with the closed interval [0, 1] containing the root
of this equation, and can construct (exactly as before) two sequences of
rational numbers, squeezing between them the root x = 1

3 of the equation.
As before, we conclude with an infinite series of inequalities which, taken

together, define a “unique solution”. Fortunately, this time it turns out to
be a rational number.

Problem 4. Write down explicitly the segments obtained by the middle
point method for the approximation of 1

3 , starting from the initial segment
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[0, 1]. Prove that the middle point never coincides with the root x = 1
3 , so

that the process of approximation is indeed infinite (endless).

However, sometimes the middle point method produces an unexpected
exact hit: solution of an equation is achieved in finitely many steps (and is,
therefore, rational). Nevertheless, for the sake of uniformity, we may wish
to continue the process of building the nested segments indefinitely. It is a
matter of agreement, which of the two segments, the left or the right, we
choose if the middle point precisely coincides with the solution. We will
always choose the right subject.

Example 2. If we want to solve the “equation” x = 1 starting from the
segment [0, 2], then already the first middle point m1 = 1 yields the solution.
By our rule, we choose for further subdivision the segment [l2, r2] = [1, 2],
and, clearly, all remaining middle points mn will be greater than 1. Thus,
we have the following two sequences:

{ln} = {0, 1, 1, 1, . . . }, {rn} = {2, 32 ,
5
4 ,

9
8 ,

17
16 , . . . }.

Example 3 (Decimal fractions). What happens if in the method of the
middle point instead of splitting the segment into two equal parts, we split
in into ten equal parts, starting with a segment of length 1 with integer
endpoints?

Which equations correspond to the sequences,

ln = 0, 0.3, 0.33, 0.333, 0.3333, . . . , rn = 1, 0.4, 0.34, 0.334, 0.3334, . . .

ln = 0, 0.9, 0.99, 0.999, 0.9999, . . . , rn = 1, 1.0, 1.00, 1.000, 1.0000, . . .

ln = 1, 1.0, 1.00, 1.000, 1.0000, . . . , rn = 2, 1.1, 1.01, 1.001, 1.0001, . . .

Example 4 (The mysterious number π). Application of the triangle in-
equality in the elementary geometry allows to prove that if one convex closed
polygon sits inside another such convex close polygon, then the perimeter
of the smaller polygon is no greater than the period of the bigger one.

Consider the perfect (3 · 2n)-gones, n = 1, 2, . . . , inscribed and circum-
scribed in the circle of radius 1 on the plane. Denote by ln the perimeter of
the inscribed polygons and by rn the perimeter of the circumscribed poly-
gons.

(1) Prove that l1 = 6, compute r1.
(2) Prove that ln is (strictly) monotonously growing, while rn is strictly

monotonously decreasing.
(3) Prove that ln < rn for all n.
(4) Using the trigonometric formulas for double (half) angles, write the

recurrent formulas for ln, rn.
(5) What can you say about the differences rn − ln?

2.3. How to define a number uniquely using an infinite systems
of inequalities? The above construction contains too many specific but
irrelevant details, which are not important. We now describe a construction
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which is more flexible, thus easier to operate with. Intuitively, what we need
is an infinite system of inequalities of the form l 6 x 6 r with various left
and right bounds, chosen among the rational (what else do we have now?)
numbers. Keeping only the endpoints, we arrive at the definition of a cut
(otherwise known as the Dedekind cut, after Richard Dedekind, 1831–1916).

Definition 1. A cut is a (ordered) pair of nonempty subsets (L,R), with
L,R ⊆ Q, L,R 6= ∅, having the following properties:

(1) L 6 R, that is1, ∀l ∈ L, ∀r ∈ R we have l 6 r.
(2) For any positive Q 3 ε > 0 one can find l ∈ L and r ∈ R such that

0 6 r − l < ε.

The first condition means consistency of all equations l 6 x 6 r for all
(l, r) ∈ (L,R): its violation would instantly mean that one of the inequalities
would have no solutions at all. The second condition means that the common
solution to all these inequalities must be unique. Informally it means that
there is no gap between L and R, or (also using the undefined notion) that
the “distance” between L and R is zero.

Note that our assumptions do not necessarily imply that L∩R = ∅. How-
ever, the first assumption guarantees that there can be only one (rational, by
definition) number in common between L and R. Indeed, if c1 < c2 are two
distinct numbers in L ∩ R, then c1 ∈ R is less than c2 ∈ L in contradiction
with the assumption L 6 R.

Problem 5. Prove (using the second assumption) that if L ∩R = ∅, then
both sets L and R must be infinite.

Example 5 (rational numbers define cuts by several ways). If a ∈ Q is
a rational number, then we can construct several different cuts using this
number:

(1) L1 = {x ∈ Q : x 6 a}, R1 = {x ∈ Q : x > a};
(2) L2 = {x ∈ Q : x < a}, R2 = {x ∈ Q : x > a};
(3) L3 = {x ∈ Q : x 6 a}, R3 = {x ∈ Q : x > a};
(4) L4 = {x ∈ Q : x < a}, R4 = {x ∈ Q : x > a};
(5) L5 = {a}, R5 = {a}.

The cut (L1, R1) is the maximal: one cannot enlarge neither L1, nor R1

(inside Q!) without violating the condition L1 6 R1. In the three other
cases this is possible with respect to one or both sets. The cut (L5, R5)
is minimal (and very convenient for proving things about “rational” cuts:
indeed, why approximate when you know the exact answer!).

1Exercise. Prove that the order 6 defined this way on the subsets of Q defines a
transitive order, which is not complete. Give an example of two subsets A,B ⊆ Q such
that both inequalities A 6 B and B 6 A are wrong. What can be said about these sets,
if both A 6 B and B 6 A are true “inequalities”?

http://en.wikipedia.org/wiki/Dedekind_cut
http://en.wikipedia.org/wiki/Richard_Dedekind
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2.4. Cuts as “hyper-rational” numbers. We can consider each cut as
a collection of lower (resp., upper) approximations for the unknown element
“in the middle”. The big question is what sort of exact statements can you
make about a “number” (cut), knowing only its approximations of increasing
accuracy.

We explain how one can define on the set of all cuts the arithmetic oper-
ations and the order in such a way that for the rational numbers the results
would coincide with the “traditional” answers. To stress the similarity, in
what follows we denote the cuts by the lowercase Greek letters.

The first step, we need to avoid the problems with multiple representa-
tions of the same number (even a rational one). Indeed, the equality α = α′

between two cuts α = (L,R) and α′ = (L′, R′) by the definition can mean
only the coincidence of the two sets: L = L′ and R = R′. We need to
identify different cuts as “approximating the same number”. As usual, this
is done using the equivalence relation.

Definition 2. We say that two cuts α1 = (L1, R1) and α2 = (L2, R2) are
equivalent2, and write α1

.
= α2, if the pair (L1 ∪L2, R1 ∪R2) is again a cut.

Clearly, it is sufficient to verify that L1 6 R2 and L2 6 R1, that is, check
the consistency condition. The no-gap condition will be satisfied automati-
cally. A routine check confirms that

.
= is an equivalence relation, symmetric,

reflexive and transitive.

Problem 6. Assume that the cut α = (L,R) satisfies the following proper-
ties: R ⊆ Q+ = Q ∩ {x > 0}, L ⊂ −Q+ = Q ∩ {x 6 0}.

Prove that α is equivalent to 0 ∈ R, α
.
= 0.

Problem 7. Prove that all cuts from Example 5 are equivalent to each
other.

Problem 8. Prove that any cut is equivalent to some maximal cut (in the
sense of the maximality introduced in Example 5).

Problem 9. Assume that a pair of subsets L 6 R of Q is maximal in the
sense of Example 5), i.e.,

(1) L 6 R, and
(2) L ∪R = Q (all rational numbers belong to one of the two sets).

Prove that L and R satisfy the no-gap condition: for any Q 3 ε > 0 there
exist l ∈ L and r ∈ R such that r − l < ε.

Prove that in this case the intersection L ∩ R can be either empty or
consist of exactly one point a ∈ Q. In the latter case the cut (L,R) is
equivalent to the minimal cut ({a}, {a}).

Remark 2. In fact, using maximal cuts as the building blocks would be even
more convenient: we would need not care about multiple representations of

2In the future we will gradually shift to the common usage and say about “equal”
rather than equivalent cuts.



ANALYSIS FOR HIGH SCHOOL TEACHERS 7

the same number by different cuts. Besides, by the previous Problem, the
maximality condition will automatically imply the “no gap condition”.

We will allow non-maximal cuts for other reasons to be seen below.

We will provisionally denote the set of all cuts by R (identifying “equal”
cuts, as usual). Example 5 shows how Q can be “embedded” in R (i.e.,
each rational number can be identified with one of several equivalent cuts).
Every time we say a cut α = (L,R) is rational (and equal to a ∈ Q), we
mean that it is equivalent to one of these equivalent cuts, and hence we will
assume from now on that Q ⊂ R.

2.5. Arithmetic operations on cuts. The arithmetic operations on cuts
can be introduced using arithmetic operations with inequalities. For in-
stance, if x1, x2 are two solutions of the two-sided inequalities

l1 6 x1 6 r1, l2 6 x2 6 r2,

then adding these inequalities together yields the two-sided inequality for
their sum:

l1 + l2 6 x1 + x2 6 r1 + r2.

Applying this procedure to all inequalities defining x1 and x2, we arrive at
the following natural definition.

Definition 3. Let α1 = (L1, R1) and α2 = (L2, R2) be two cuts. The sum
α1 + α2 is the cut

α1 + α2 = (L1 + L2, R1 +R2). (2)

Here by the sumset (or the Minkowski sum, after Hermann Minkowski,
1864–1909) of two subsets A,B ⊆ Q we understand the set of sums:

A+B = {x ∈ Q : x = a+ b, a ∈ A, b ∈ B}.
This definition requires a lot of routine checks and verifications.

Problem 10. Do the routine checks, starting with understanding the notion
of the sumset.

(1) Find a subset O ⊆ Q such that A+O = A for any A ⊆ Q.
(2) Prove that A+B = B +A, A+ (B + C) = (A+B) + C.
(3) Prove that the formula (2) indeed defines a cut (both consistency

and no-gap conditions are verified).
(4) Let r1, r2 ∈ Q are two rational numbers and α1, α2 ∈ R two respec-

tive cuts. Show that the cut α1+α2 ∈ R obtained by (2) corresponds
to the rational number r1 + r2 ∈ Q.

(5) Let α1, α2 ∈ R be two equivalent cuts. Prove that α1+β is equivalent
to α2 + β for any cut β ∈ R.

To define the subtraction, one has first to avoid the danger of confusing
between several meanings of the same minus sign.

Problem 11. Find all sets A ⊆ Q such that the equation A+B = O has a
solution B ⊆ Q. When the operation of sumset admits an inverse operation?

http://en.wikipedia.org/wiki/Minkowski_addition
http://en.wikipedia.org/wiki/Hermann_Minkowski
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Problem 12. Can a non-empty set satisfy the equation A + 1 = A? (the
left hand side means the sumset A+ {1}). Can a bounded set A (belonging
to some finite interval [a, b] ⊆ Q) satisfy this equation?

Definition 4. For any A ⊆ Q we define −A = {x ∈ Q : −x ∈ A}. The
Minkowski difference of two sets A−B is defined as A+ (−B).

Problem 13. Prove that A − A 6= O for all sets A ⊆ Q with more than
one element. The Minkowski difference is not an inverse operation for the
Minkowski sum!3

Problem 14. Take a red pencil an circle out every occurrence of the signs
+ and − on this page, where it refers to the Minkowski sum/difference.

While defining the difference of two cuts α1 − α2, αi ∈ R, one should be
careful, since subtraction of inequalities implies inversion of one of them:
one should first rewrite the inequality l2 6 x2 6 r2 under the form −r2 6
−x2 6 −l2, and only then add it to the inequality for the first unknown x1:

l1 6 x1 6 r1, l2 6 x2 6 r2 =⇒ l1 − r2 6 x1 − x2 6 r1 − l2.
We can use this as the definition of the difference of two cuts directly, or
formalize the first step separately.

Definition 5. If α ∈ R is a cut, we define the cut −α as −α = (−R,−L)
(note the inverted order!). The difference α1 − α2 is defined as the sumset:
α1 − α2 = α1 + (−α2).

Problem 15. Prove that α+ (−α) = 0 ∈ R.

Problem 16. Prove that if α
.
= α′ and β

.
= β′ are two pairs of equivalent

cuts, then α ± β .
= α′ ± β′. This means that the addition and subtraction

operations have the same result independently of the choice of equivalent
representations for each cut.

Formulate and prove all other routine checks required to make sure that
with the operations ±, defined this way, R becomes an additive group con-
taining the rational numbers Q as the additive subgroup.

2.6. Order between cuts. One is almost ready to proceed in the same
way (using the approximating inequalities) to introduce the notion of the
product and ratio of the cuts. However, occurrence of negative numbers
causes problems: multiplication by negative numbers inverts the sense of
the inequalities.

3This is a sad fact of life: the familiar symbol suddenly ceases to possess the usual
properties. To be formal, one should use a different color for the signs + and − when the
sum is the Minkowski sum. But strict adherence to this policy would also require that
the addition between the cuts is denoted by yet another sign different from the addition
between the rationals, etc., which would be plain stupid! We use the same symbol 0 for
the zero number, zero vector, zero polynomial etc., without much compunction. There is
no common rule out of this controversy, so be attentive and vigilant!
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The solution is achieved in two steps: first, we need to compare cuts and
in particular describe positive cuts. Then defining the product or ratio for
positive cuts becomes an easy job (see §2.7 below). The extension for the
negative cuts is straightforward.

As always, the key point is to compare an arbitrary cut α = (L,R) with
the zero (which can be considered as a rational number or as any of the four
equivalent cuts).

If an unknown number is a solution of the two-sided inequality l 6 x 6 r,
then sometimes we can be certain about its sign:

(1) if r 6 0, then x 6 0 (resp., if r < 0, then x < 0),
(2) if l > 0, then x > 0 (resp., if l > 0, then x > 0).

Of course, if l < 0 < r, we cannot make any conclusion about the sign of
x, and more accurate approximations should be considered. Yet we hope
(and it will be justified later, in Theorem 1), that if we consider not one,
but infinitely many two-sided approximations, then the “indeterminacy”
disappears and any two unequal (non-equivalent) cuts could be ordered. We
will use temporarily the symbols C and B rather than < and > in order to
draw attention of the reader that even the most basic properties of these
relations need to be taken for granted and have to be proved.

Definition 6. A cut α = (L,R) ∈ R is positive4, α B 0, if and only if
L contains a positive rational number. The cut is negative, α C 0, if and
only if R contains a negative rational number.

More generally, a cut α1 = (L1, R1) is said to be greater than another
cut α2 = (L2, R2), if and only if there exist l1 ∈ L1 and r2 ∈ R2 such that
l1 > r2. In this case we write α1 B α2 or α2 C α1.

Problem 17. Prove that for any two cuts α C β there exists an infinite
number of rational numbers r ∈ Q ⊂ R satisfying the inequalities α C r C β.
We will refer to this property as the density of rational numbers in R.

Problem 18. Let α
.
= α′. Prove that if α′ is positive, α′ B 0, if and only

if α B 0. This will explain why the order is independent of the particular
choice of approximation.

Problem 19. Prove that α B 0 =⇒ −α C 0.

Problem 20. Prove that for rational cuts the order C coincides with <: if
α, β ∈ Q ⊂ R, then α < β ⇐⇒ α C β.

Problem 21. Show that the simultaneous occurrence of two opposite in-
equalities α C β and α B β is impossible. Can it happen that α

.
= β and

α C β at the same time?

These definitions of order C,B are almost obviously non-controversial.
The big “if” is whether the corresponding order is indeed complete and
satisfies the familiar properties.

4In France, a positive number is allowed to be zero. In US, UK and most other countries,
zero is non-positive (and also non-negative). Beware of whom you are talking to!
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Theorem 1. For any two cuts α, β ∈ R one and only one relation holds:

α C β, α
.
= β, α B β.

Proof. Let αi = (Li, Ri), i = 1, 2. If α1 6B α2, then L1 6 R2 (why?). For the
same reasons, if α1 6C α2, then R1 > L2. This means that L1∪L2 6 R1∪R2,
that is, α1

.
= α2. This shows that one of the three relations always holds.

The rest follows from Problem 21. �

After proving this theorem, we can safely use the notation for non-strict
order between the cuts, writing α D 0 when α B 0 or α

.
= 0, and in a similar

way interpret the inequality α E 0. The theorem implies that if α D 0 and
α E 0 simultaneously, then α

.
= 0 (why?).

Problem 22. Prove that for any cut α = (L,R), we have the “tautological
inequalities” L E α E R.

Finally, we need to check that the order on R is compatible with the
operations + and −.

Problem 23. If α1 B α2 and β1 B β2, then α1 +α2 B β1 + β2. Prove that.
Formulate and prove the similar property for the difference of cuts.

2.7. Product of cuts. Now one can safely define the product of two non-
negative cuts. Note that if R 3 α = (L,R) D 0 is a nonnegative cut, then
the “truncated cut” α+ = (L+, R) ∈ R, where L+ = L∩Q+, is again a cut,
and α is equivalent to α+ (what has to be checked?).

Definition 7. The product of two nonnegative cuts α = (L,R) and α′ =
(L′, R′) is the cut

αα′ = (L+ · L′+, R ·R′) ∈ R.

Here we use the self-explanatory notation A · B = {ab : a ∈ A, b ∈ B} for
two subsets A,B ⊆ Q+.

Problem 24. Prove that if α
.
= 0, then αα′

.
= 0 for any α′ D 0.

If one or both terms are negative cuts, then −α, resp., −α′ are positive
and the product can be defined by obvious rule of signs.

We leave the reader to assemble the list of routine checks that have to be
done to ensure that the multiplication is well defined on the set R, has the
same familiar properties with respect to the operations ±, the order B,D
etc.

Problem 25. Prove that the equation αβ
.
= 1 is solvable in R, if α 6 .= 0.

2.8. Conclusion: R is an ordered field extending Q. The boring work
of extension of rational numbers field Q by (equivalence classes) of cuts R is
over: we constructed the set R, embedded the rational numbers into this set
as the equivalence classes of the trivial cuts (r, r), where r ∈ Q, and extended
both the arithmetic operations ±,×, / and the order relations B,D,E,C on
this set. Equipped with these operations, R becomes the completely ordered
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field, exactly like Q which is now an ordered subfield in R. The relations
B,D,E,C when restricted on Q ( R, coincide with the relations >,>,6, <.

The naive definition of “infinite decimal fractions, periodic or aperiodic”,
can be considered as a special class of cuts (without introducing this lan-
guage at all). The idea was already illustrated by Examples 2 and 3, and
the general case is clear. The sets L and R, associated with an infinite dec-
imal fraction, are sequences of rational numbers. The lower approximation
ln obtained by the truncation of the fraction at the nth decimal place, and
the upper approximation rn is obtained as ln + 10−n for n = 1, 2, 3, . . . .

The tedious work required to define the arithmetic operations on cuts
reflects the fact that the usual “addition in column” (resp., multiplication)
require starting manipulations with the last decimal digits, which almost
never exist.

We will eventually show that not just the equation x2 = 2 has (two)
solutions in the new field R, but lots of other equations, both algebraic and
transcendental, e.g. the equation 2x = 3 (whatever this power means).

3. Completeness of R

The key property which distinguishes the field R from its subfield Q is its
completeness, the “absence of holes”. As we will see quite soon, sealing all
holes requires introduction of lots of new elements: the set R is much larger
then its subset Q.

The completeness property can be formulated in several equivalent ways,
some easier to understand, some easier to apply.

3.1. Supremum versus maximum. Let A ⊆ Q is any subset; a number
b ∈ Q is called an upper bound for A, if A 6 {b} (to simplify notation, we
will write A 6 b). A set is bounded from above, if it has at least one upper
bound.

Clearly, if A 6 b and any larger number b′ > b is also an upper bound for
A. What about the “most economic” upper bound, the smallest among all
upper bounds? Does it always exist?

We already dealt with open and closed intervals5 in Q, defined by the
two-sided inequalities [a, b] = {x ∈ Q : a 6 x 6 b} and (a, b) = {x ∈ Q : a <
x < b}. It is convenient to include a single point a ∈ Q as a degenerate case
of the closed interval [a, a], the infinite rays {x ∈ Q : a < x} = (a,+∞) and
{x ∈ Q : x < b} = (−∞, b) and the entire set Q = (−∞,+∞) as degenerate
cases of open intervals6.

Example 6.
1. If A is a finite set, then there is a maximal element in it, denoted

maxA. This element is obviously the least upper bound for A.

5The notations [a, b) and (a, b] should be self-explanatory when one of the endpoints is
included.

6The symbols ±∞ do not denote any numbers here! They are parts of the notation for
the intervals.
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2. If A = (0, 1) = {x ∈ Q : 0 < x < 1} ⊆ Q is an open interval of rational
numbers, then any number b > 1 is an upper bound. Of them, b = 1 is the
smallest upper bound: note that it does not belong to A and hence is not
the maximal element there.

3. If A = [0, 1] = {x ∈ Q : 0 6 x 6 1} ⊆ Q is a closed interval of rational
numbers, then it has the maximal element a = 1 which is the smallest upper
bound.

4. If A = N, then there is no upper bounds at all: the set of natural
numbers is unbounded from above.

These examples suggest that, regardless of existence of the maximal ele-
ment in A, the smallest upper bound always exists.

Theorem 2. Any subset A ⊆ R which admits one upper bound, admits the
minimal upper bound, a cut γ ∈ R such that A E γ and for any other upper
bound β ∈ R, γ E β.

This smallest upper bound is called the supremum for A and denoted
γ = supA.

Proof in the particular case. Before proving this result in full generality, we
discuss a special case where A ⊆ Q consists of only rational numbers. In
this case the required minimal bound can be explicitly constructed as a cut.
Consider the following two sets, L,R defined as follows:

(1) L = A ⊆ Q, the set A itself;
(2) R = {r ∈ Q : r > A}, the set of all rational upper bounds for A.

By construction, L 6 R. To show that the pair γ = (L,R) is a cut, we need
to check the no-gap condition. Assume, on the contrary, that all (rational
nonnegative) differences R − L = {r − l : r ∈ R, l ∈ L} are greater than
some positive number ε ∈ Q, R − L > ε > 0. Then the shift R′ = R − ε

2
contains at least one new number, originally not in R (why?), and still lies
to the right of L: R′ − L > ε

2 . But this contradicts to the assumption that
R from the beginning contained all upper bounds for L.

Note that the cut γ may be non-rational (give an example), so we can-
not compare it with other symbols 6,> and have to switch to E,D. By
construction, L E γ E R; this left side means that γ is an upper bound,
the right hand side means that γ is less or equal of any other upper bound
(rational or irrational). �

Proof in the general case. The only difference with the particular case dis-
cussed above, is that instead of the set A itself, we need to use the lower
approximations to all its elements. Consider two subsets L,R ⊆ Q, defined
as follows:

(1) L is the union of all lower approximations for all cuts from A:

L =
⋃
α∈A

Lα, α = (Lα, Rα).
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(2) R is the set of all rational numbers r which are upper bounds for A.
By assumption, R 6= ∅.

We claim that γ = (L,R) is a cut, γ ∈ R. Indeed, for any l ∈ L there exists
α ∈ A such that l ∈ Lα E α. By assumption, α 6 R (all elements from R
are upper bounds for all α ∈ A). Thus L 6 R.

The no-gap condition is verified exactly as before by inspection of the
shifts R− ε

2 .
It remains to verify that the cut γ defined by the pair (L,R) is indeed the

minimal upper bound for A, as required. We leave this as an exercise. �

Problem 26. Prove that any set B ⊂ R bounded from below by some cut
a ∈ R, so that a E B, admits the biggest lower bound denoted by inf B
(don’t forget to explain what it is!).

3.2. Nested segments. We will use the same term (closed or open) “inter-
val” for subsets of the set R defined by the corresponding inequalities D,E,
resp., B,C.

Definition 8. A sequence of intervals Ik ⊆ R, k = 1, 2, 3, . . . is called
nested, if Ik+1 ⊆ Ik. If the endpoints of the interval are denoted by ak, bk,
then the sequence is nested if and only if these sequences are monotone:

a1 E a2 E a3 E · · · , b1 D b2 D b3 D · · · . (3)

A nested sequence of open intervals may well have the empty intersec-
tion, even if their endpoints are rational and all inequalities (3) become
“standard”. A degenerate example is very simple: if Ik = (k,+∞), then
the intersection

⋃
k∈N Ik consists of the numbers greater than any natural k,

hence is empty. A nondegenerate example is only slightly more complicated:
if Ik = (0, 1k ), then for the same reasons

⋂
k∈N(0, 1k ) = ∅.

However, a nested sequence of closed intervals with empty intersection in
Q is not so easy to construct (see Problem 3). Actually, the whole construc-
tion of cuts was aimed at enlarging the number system so that the following
result, which is wrong over Q, would be true in R.

Theorem 3. Any infinite sequence of nested closed intervals in R has a
non-empty intersection: there exists a point common for all segments.

Example 7. If the endpoints of the intervals are rational and their lengths
|Ik| = bk − ak become smaller than any given positive number ε > 0, then
there exists a unique common point in R, represented by the cut (L,R),
L = {ak}, R = {bk}.

Indeed, one has to check the consistency condition L 6 R and the no-gap
condition. The consistency follows from the fact that for any two numbers
ak, bn we have ak 6 bn. Indeed, let n > k (the opposite case is treated
the same way). Then an 6 bn 6 bk: the first inequality follows from the
fact that In 6= ∅, the other—from the monotonicity of {bk}. The no-gap
condition was explicitly assumed.



14 ROTHSCHILD–CAESARIA COURSE, 2013/4

To prove the general statement, one should allow segments with “irra-
tional” endpoints ak, bk ∈ R r Q and get rid of the condition that the
lengths are becoming smaller than any positive number. One can build a
cut γ ∈ R belonging to the intersection directly in a way similar to the proof
of Theorem 2 on existence of the smallest upper bound. Instead, we may
refer to the Theorem itself, as follows.

Proof of Theorem 3. The set A = {ak} ⊂ R of all left endpoints (“endcuts”)
of the intervals is bounded by any cut bk: A E bk, moreover, A E B = {bk}.
Thus by Theorem 2 there exists a cut a∗ = supA ∈ R, which separates A
from B, A E {a∗} E B, and hence belongs to the intersection of all closed
intervals. For the same reasons the point b∗ = inf B also separates these
sets and belongs to

⋃
k[ak, bk].

It takes a second to understand that a∗ E b∗. If these to exact bounds
are distinct (non-equivalent), a∗ C b∗, then the entire segment [a∗, b∗] ⊆ R
belongs to the infinite intersection, otherwise the latter consists of a single
cut a∗

.
= b∗. �

3.3. Advance warning. Each of the two properties of the set R established
in Theorems 2 and 3, is referred to as completeness of the set of Dedekind
cuts. In fact, completeness can be defined in a more general context of
metric spaces, for instance, for complex numbers which do not admit any
order, or for some functional spaces. The general definition of completeness
uses the notion of limit, which we will introduce at a later stage.

4. Restoring the default notation

Now we can return back to the common notation and identify the set of
equivalence classes of cuts instead of R by the familiar symbol R and call
them the real numbers. The complement RrQ is called irrational numbers.
The notations for the order relations B,D,E,C will again be restored to
>,>,6, <.

The real numbers are associated geometrically with points on the real line
R1 = R. Pairs of real numbers, forming the set R2 = R×R = {(x, y) : x, y ∈
R}, are associated with points on the plane with the coordinates (x, y), and
so on.

5. Real numbers are uncountable

We already have seen that, somewhat contrary to the naive expectations,
the rational numbers form a countable set: one can enumerate them, using
natural numbers, that is, construct an infinite sequence r1, r2, r3, . . . , rn, . . .
in such a way that each rational number will eventually appear in this se-
quence. Thus from the point of view of its “size”, Q is as small an infinite
set as the smallest of all infinite sets, N, is.

It seems that by “closing the gaps” we could not add too many new (irra-
tional) numbers, and the set R should also be countable. Quite surprisingly,
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it is not! Whatever infinite sequence of real numbers we choose, we cannot
hope to include into it all real numbers.

Theorem 4 (G. Cantor, 1891). The set of real numbers is not countable,
even on the interval [0, 1]. Any infinite sequence of real numbers {ak : k ∈
N}, 0 6 ak 6 1, does not contain at least one real number from this interval.

Wrong proof. Assume that we have a sequence {ak}, in which eventually
appear all real numbers between 0 and 1. Consider a closed interval of length
1
4 with the center at a1, an interval of length 1

8 centered at a2, interval of

length 1
16 centered at a3 etc. Each number in the sequence will be eventually

covered by an interval of positive length. If all points of [0, 1] appear in our
sequence, then the union of all intervals will cover the entire interval [0, 1].

However, the total length of the segments does not exceed 1
4+ 1

8+ 1
16+· · · =

1
2 < 1, which is clearly impossible. The contradiction proves that some

points (at least of total length at least 1
2) remain outside the sequence. �

Fig. 1. Cantor’s diagonal process

The famous trick invented by Cantor, allows to
prove that the set of infinite sequences of, say,
digits or letters, is uncountable, i.e., cannot itself
be organized in a single sequence.

What’s wrong with this
proof? We use the notion
of length in application to
an infinite union of intervals.
This can be justified in some
cases, but certainly not in
all cases. Indeed, consider
the closed interval [a, a] of
length zero, which covers the
point a ∈ [0, 1]. The (infi-
nite) union of all such inter-
vals covers the entire inter-
val [0, 1], but the total length
of them is 0 + 0 + 0 · · · = 0.
Clearly, this argument does
not hold water.

Correct proof. Consider the
points 1

3 and 2
3 , which sub-

divide the segment [0, 1] into
three parts: [0, 1] = [0, 13 ] ∪
[13 ,

2
3 ]∪ [23 , 1]. These intervals

are not disjoint: the end-
points belong to two adja-
cent intervals simultaneously. Yet any real number cannot belong to more
than 2 intervals! Thus, if we have a sequence {ak} allegedly including all
real numbers, then at least of one segments of length 1

3 will not contain the
number a1. We take this segment, denote it by I1 and again subdivide it
into three equal parts, each a closed interval of length 1

9 . At least one of
these segments does not contain a2; denote it by I2. Proceeding this way,
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we obtain an infinite sequence of nested intervals in [0, 1], such that none
of the points a1, . . . , an belongs to the intersection

⋂n
k=1 Ik. The infinite

intersection cannot contain any point in the sequence! Thus we constructed
a real number which is guaranteed not to belong to {ak}, in contradiction
with its assumed property. �

Problem 27. Why the same proof cannot be used prove non-countability
of Q?

6. First applications: diameter, distance

The notions of sup and inf are very useful by themselves. For instance,
using these notions, we can define some geometric notions that previously
were ill-defined (although sometimes intuitively clear).

Definition 9. Let A,B ⊆ R be two subsets of the real line. The distance
between A and B is the nonnegative real number

dist(A,B) = inf{|a− b| : a ∈ A, b ∈ B} > 0. (4)

Clearly, if A ∩ B 6= ∅, then dist(A,B) = 0. However, even disjoint sets
can have zero distance between them.

Problem 28. Prove that a pair of two subsets (L,R), L,R ⊆ Q, forms a
cut, if and only if L 6 R and dist(L,R) = 0.

Thus the second, “no-gap” condition, can be interpreted as vanishing of
the distance between the sets L,R of upper and lower approximations. We
could not use this formal definition earlier, since the notion of the distance
requires7 the notion of inf(R−L) which at that time could not be accurately
defined (as it might be an irrational number). But once the notion of the
distance is duly introduced, the meaning of this condition should become
more transparent.

Problem 29. Compute the distance between the sets A,B ⊆ R, when:

(1) A,B are two intervals (open or closed) on the real line with the
endpoints a1 < a2 and b1, b2 respectively;

(2) A = Z, B = 1
2 + Z;

(3) A = Z, B =
√

2 · Z r {0};
(4) A = αZ + a, B = βZ + b, a− b ∈ Q, α/β ∈ Q;
(5) the same sets yet with α/β /∈ Q.

The notion of distance can be defined by the same formula (4) for subsets
A,B ⊆ R2 on the plane, if |a − b| denotes the distance between the points
a, b.

7Strictly speaking, the notion of zero distance between sets could be defined, yet this
does not clarify the case more than the “no-gap condition” does.
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Problem 30. Find the distance between two different straight lines on the
plane.

Find the distance between the axis {y = 0} and the parabola {y = x2+1};
between the same axis and the hyperbola {xy = 1}.

In the similar way we can define the diameter of a set A ⊆ R.

Definition 10. The diameter diam(A) of a subset A ⊆ R is defined as

diam(A) = sup{|a1 − a2| : a1, a2 ∈ A} > 0. (5)

The diameter of an unbounded set is undefined.

Problem 31. Compute the diameters of an open segment (−1, 1) and the
closed segment [1, 2].

Problem 32. Compute the diameter of a circle on the plane.

Problem 33. Find the diameter of a circular sector with the angle 60◦.

Problem 34. Let An be a set of vertices of a regular n-gon (n > 3) inscribed
in the circle of radius 1. Compute its diameter for n even and prove that
this diameter is less than 1 if n is odd. Prove that diamAn >

√
3/2.

Problem 35. Prove that the diameter of a (planar) polygon cannot be
changed by deleting any finite number of points.

Problem 36. Let A be a planar set and a /∈ A a point. Prove that

diam(A ∪ {a}) > diam(A) =⇒ dist({a}, A) > 0.

Is the inverse statement true?

Problem 37. Let L 6 R ⊆ R be two sets with dist(L,R) = ε > 0. Prove
that dist(L,R− ε

2) > 0 and dist(L,R− ε) > 0.
Locate in the text above the instances where this fact was proved without

formulating it.
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