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1. Numbers

We repeatedly used various numeric sets (sets of numbers of different
type): the natural numbers (denoted by N = {1, 2, 3, . . . }), integer numbers
Z = {. . . ,−2,−1, 0, 1, 2, 3, . . . }, rational numbers Q = {p/q : p ∈ Z, q ∈
N, gcd(p, q) = 1}, real numbers R (without any explanation of what it is)
and complex numbers C = {x + iy : x, y ∈ R}. However, it is obvious
that these types of numbers are of different origins. The first three types
were more or less known to all ancient cultures: the ancient Egyptians
knew simple fractions, the Hindus operated with zero and negative numbers,
the Greeks knew all that and even more, in particular, they could operate
with certain irrational numbers, like

√
n in the geometric language. In

contrast to that, the complex numbers appeared no earlier than 1545 in
the attempt to understand, how the Cardano formula should be interpreted
when the cubic equation has three real roots. As for the real numbers, the
existence of irrationals was known to Pythagoras, but the general concept
remained undeveloped until the engineering needs did not require developing
the decimal notation for fractions. Since then the vague idea of the infinite
decimal fraction (sequence of digits) was used without much compunction
by engineers, astronomers and other scientists. The attempts to formalize
calculus (in particular, the admissible use of power series to compute non-
algebraic functions) eventually led to the formalization of the notion of the
real number, which we will explain in the due time.

But the process of revision of foundations of mathematics, that began
in the 19th century in the works of Cauchy, Weierstrass, Peano and other
luminaries of that time, whose names today bear basic calculus textbook
theorems, worked in the other direction as well. Not satisfied by the “in-
tuitive understanding”, mathematicians turned to the “naive” questions,
what do we mean by writing fractions like 2

3 , when everybody knows that
the number 2, in contrast with two apples or two pizzas, is not divisible by
3, and one cannot subtract 5 from 2, since the operation of subtraction is
inverse to the addition, but the equation 5 +x = 2 has no natural solutions.
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We will give several examples explaining how different number sets can
be enlarged (extended) to include elements which were previously “non-
existent”. But first we have to explain, what is the most basic object, the
set of all natural numbers. Leopold Kronecker once famously quipped that
the natural numbers were created by God, the rest is the human production.

1.1. Natural numbers. The natural numbers naturally (the pun intended)
appear as the means of counting, arranging similar objects in a certain order
which allows to say about the uniquely defined “next” element for each
natural number.

The corresponding system of axioms is known as the Peano axioms and
can be stated (omitting some technical details) as follows. The set N is the
set which contains a distinguished element, denoted by 1, and equipped with
the function Succ : N→ N (successor, immediate follower), which for every
n ∈ N defines the “immediately following number” Succ(n), such that it is
an isomorphism (one-to-one and onto) between N and Nr {1}.

In plain words this means, that every number n has a uniquely defined
successor Succ(n), and every number different from one, has a unique pre-
cursor:

∀n 6= 1 ∃!m ∈ N : Succ(m) = n.

Because of the uniqueness, we can define the function “precursor” Prec :
Nr {1} → N, such that

∀n ∈ N Prec(Succ(n)) = n, ∀n 6= 1 Succ(Prec(n)) = n.

The function Succ can be composed with itself, since Nr{1} ⊂ N. Thus we
can form the elements

Succ(1), Succ(Succ(1)), Succ(Succ(Succ(1))), . . . , (1)

all different from each other. Of course, it would be impossible to write
anything with this cumbersome notation, so we may use the abbreviations
||, |||, ||||, |||||, . . . or introduce the special symbols 2, 3, 4, . . . to denote these
elements. One might think that to denote infinitely many numbers one
needs infinitely many symbols, which would be impractical at least (if not
impossible theoretically). The practical solution to this technical problem
is to combine the two approaches and use composite symbols made of the
limited number of digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 and which we know as the
decimal notation. Note that zero here is simply a special symbol thus far,
used to denote the fact that in the decimal notation certain denominations
(units, tens, hundreds, thousands, . . . ) can be missing.

The additional axiom that is required is the assumption that all natural
numbers can be obtained by iterations of the function Succ, i.e., every natural
number appears sooner or later in the sequence (1). It is usually called the
axiom of induction and formulated as follows: if A ⊆ N is a subset containing
1 and closed by the action Succ, i.e., ∀n ∈ A Succ(n) ∈ A, then A must
coincide with N.
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Example 1. The axiom of induction is independent and really necessary to avoid
mistaking N for larger sets. For instance, consider the union of the set N and another
copy of the set Z (forget for the moment that it is not yet formally introduced); to
distinguish them, let us call elements of the first set as “blue numbers” and element
of the second set as “red numbers”. Define on the union of all “colored numbers”
the function s as follows: “s(n) = n+ 1, preserving the color”. Then the function
s satisfies all requirements imposed by the Peano axiomatic.

Indeed, on the blue part N it coincides with the standard Succ, and every red
number also has a uniquely defined successor and predecessor. Clearly, no red
number can be achieved by repeated iteration of the function Succ, applied to the
element “blue 1”. On the other hand, the disjoint union NtZ is obviously different
from the “familiar natural numbers” as we understand them.

Using the function (map) Succ, we can define on N the arithmetic opera-
tions of addition (repeated passage to the immediate follower) and multipli-
cation (repeated addition). More precisely, we define the family of operations
+n for all n ∈ N as follows: for any natural n ∈ N the operation “plus n is
a map from N to N defined inductively as follows,

∀x ∈ N x+ 1 = Succ(x), (2)

∀n ∈ N x+ Succ(n) = Succ(x+ n). (3)

Using these rules, we can define first the operation +2 (since 2 = Succ(1)),
then +3, then +4. . . ; by the axiom of induction, for any n ∈ N we will have
the operation +n defined sooner or later.

Thus the operation of addition gets formally defined as a binary operation
+ : N × N → N, (m,n) 7→ m + n. The properties of this operation can be
derived from its definition (2)–(3).

Example 2. For instance, we can show that 2 + 1 = 1 + 2. Indeed, by
definition 2 = Succ(1) = 1 + 1. By the first rule (2), 2 + 1 = Succ(2). By
the second rule (3), 1 + Succ(1) = Succ(1 + 1) = Succ(2).

Proceeding by inductive reasoning, easy but extremely boring, we can
conclude first that 1+n = n+1 for any n, and then again by induction, that
for any n,m ∈ N n+m = m+n. In other words, the commutative property
of addition for natural numbers is not an axiom, but a theorem! (it becomes
an axiom in the general algebraic definition of commutative rings and fields).
We will not do that, leaving this as a challenge for the most incredulous.
The associativity of the addition, the rule (n+m) +k = n+ (m+k), is also
an easy theorem that can (and in case of doubt should!) be proved from the
axioms.

Having introduced addition, one can easily define the multiplication as
the repeated addition, using the similar rules (note that we can replace the
artificial Succ now by the familiar “plus one” operation):

∀x ∈ N x× 1 = x, (4)

∀n ∈ N x+ (n+ 1) = (x× n) + x. (5)
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As with the addition, one can prove that the multiplication introduced by
these rules (definitions) is commutative, associative and distributive with
respect to the addition, (m + n) × k = m × k + n × k. As before, we skip
the proof.

Remark 1. For historical reason we omit the sign × (or replace it by the dot
“·”) and assume that in composite formulas multiplication is “stronger” than the
addition, so that in the formula (mn) + k one can remove the braces without
creating ambiguity on how to interpret the expression mn + k. Unlike previous
properties, this “strength” of multiplication is not a mathematical property that
requires axiomatization or demonstration, but simply a writing convention which
might well look different in another culture.

The operations of addition and multiplication can sometimes be inverted:
if three natural numbers n,m, k are related by the identity n+m = k, then
we say that n = k −m and m = k − n. However, subtraction is not a fully
fledged binary operation: the difference of two numbers n−m is not always
defined (note that we are still living in the universe of N). However, one can
prove that if defined, the difference is unique. In the same way if mn = k,
then we write m = k/n (or k

n , which is the same) and n = k/m. As before,
the ratio is not always defined in N, but if defined, is unique.

The fact that subtraction and division is not always possible, can be
reformulated as the fact that not all equations of the form

a+ x = b, respectively, ax = b, a, b ∈ N,

admits solution x ∈ N. It is always tempting to enlarge the universe (in
this case, N) so that it will contain solutions of all such equations. This
desire sometimes is driven by applications to the real life, which provides
abundant opportunities to solve equations. Of course, in the real life one
can cut pizza in three equal slices or go by elevator into the basement of a
multistory building, but we agreed to voluntarily censor our means to the
language of sets and explicit constructions using logical formulas.

1.2. Zero and negative numbers. Let us start with the subtraction. One can try
to ensure solvability of all equations of the form a+x = b either by an insight or by
an educated construction. We describe both constructions in much detail, trying
to explain the inner logic of mathematical construction of “new” (non-existing)
objects.

The approach through insight consists in adding new elements to N by using the
partial function Prec. Originally it is defined as the map from Nr {1} to N as the
inverse to Succ. In particular, there is no element in N which could be denoted as
Prec(1). Yet we can open a box with new symbols (all different from the “usual”
natural numbers) and use them to denote new elements (pairwise distinct and all
not in N)

Prec(1), Prec(Prec(1)), Prec(Prec(Prec(1))), . . . (6)

The operation Succ, initially defined only on N, can be naturally extended on these
new elements as the inverse of Prec: it corresponds to the shift to the left along the
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above sequence, until we return to the natural realm:

Succ(Prec(1)) = 1, Succ(Prec(Prec(1)) = Prec(1),

Succ(Prec(Prec(Prec(1)))) = Prec(Prec(1)), . . .

The rules (2)–(3) can be read from right to left, defining the operations “minus
one” and, inductively, “minus n”, as follows,

∀x ∈ N x− 1 = Prec(x), (7)

∀n ∈ N x+ Prec(n) = Prec(x+ n). (8)

Then a long list of routine checks shows that in the new universe obtained by
adjoining to N all elements from (6), we have two operations, + and −, which are
always defined.

This approach is probably was implemented (albeit subconsciously) by all cul-
tures that developed the ways of operation with non-positive integer numbers. This
was the same idea of counting, but projected in the past rather than in the future.

There is a different approach, which is closer to the spirit of the modern mathe-
matics. It is based on adjoining “ideal” solutions of equations which have no “gen-
uine” solutions. The following extension is more naturally realized in two stages,
“adjunction of zero” and “adjunction of minus one”. To save on time, we do both
simultaneously.

Denote ♦ = Prec(1) and • = Prec(♦) to simplify our notation. In terms of
the operation of addition, this means that these new elements are defined by the
equations

1 + x = 1 ⇐⇒ x = ♦, y + 1 = ♦ ⇐⇒ y = •,
which have no solutions in N, resp., in N ∪ {♦}.

Using the definition of addition in the form (8), we conclude that

∀x ∈ N x+ ♦ = x+ Prec(1) = Prec(x+ 1) = Prec(Succ(x)) = x,

x+ • = x+ Prec(♦) = Prec(x+ ♦) = Prec(x) =

{
x− 1, if x > 1,

♦ x = 1.

Besides, the rule of multiplication (5) when read from right to left, gives us the
identity

x× ♦ = x× Prec(1) = x× 1− x = ♦ for all x ∈ N.
In other words, the new element ♦ is the neutral element with respect to the
operation of addition and “absorbs into itself” all numbers by multiplication. To
result of multiplication by • on natural numbers is not yet defined, but we may
use the identity 1 + • = ♦. Multiplying both sides by n and assuming that the
multiplication of the new elements is also distributive, we see that

∀n ♦ = n♦ = n(1 + •) = n+ n•,

that is, the product n• “cancels” the number n by addition. Finally, multiplying
the identity 1 + • = ♦ by •, we see that •+ •• = ♦, that is, the square •• satisfies
the equation x + • = ♦, which already has a solution x = 1. Since our solution
must be unique, we conclude that •• = 1.

Denote by Z the set of numbers which can be written as a+b♦+c• with a, b, c ∈ N
and with the operations of addition and multiplication defined using the identities
which we just proved. Note that the same number can be represented in this form
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in many different ways: e.g., we can always assume that the term b♦, equal to ♦,
can be dropped outright.

Proposition 1. Any element z ∈ Z can be uniquely written in one of the following
three forms,

a ∈ N, ♦, or c•, c ∈ N.

Proof. As was explained, we can from the very beginning assume that z is of the
form a + c•, a, c ∈ N. If a > c, then we add to z the number ♦ represented as
♦ = b− b. This addition does not change z, but rearranging terms, we can write

z = (a− c) + (c+ c•) = (a− c) + ♦ = a− c ∈ N,

(note that the subtraction is legal in N, since we assumed that a > c). In the
opposite case we subtract from z the same element ♦ this time represented as
♦ = a+ a•. Rearranging terms in the similar way, we see (again, performing only
the legal subtraction in N) that

z = (a− a) + (c • −a•) = (c− a) • .

The last remaining case a = c reduces to a(1 + •) = a♦ = ♦. Clearly, the numbers
any of these three types cannot be equal to numbers of another type. �

The set Z, obtained this way, is closed by subtraction. Indeed, the difference of
any natural numbers is now well defined: n−m = (m−n)• if m > n, and equal to
♦ if m = n. We need to see that the difference of the “new” numbers is also well
defined. Clearly, m • −m• = ♦, and for the difference m • −n• we obtain

m • −n• =

{
(m− n)• if m > n,

(n−m) • • = (n−m)1 = n−m ∈ N if m < n.

Now we can safely restore the familiar notation 0 and (−1) for ♦ and • respec-
tively and write −m for m• = m(−1) = m(0− 1) = 0−m. This notation is chosen
to simplify the rules of operation with the negative numbers, but the above tedious
process was necessary to justify them, in particular, to explain the less obvious rule
that (−1)× (−1) = 1, formulated as “minus by minus gives plus”.

We wish to stress that the extension of the set of natural numbers was by ad-
joining solutions of formerly non-solvable equations, 1 + x = 1 (whose solution is
denoted by 0) and n+ y = 0 with natural n (whose solution is denoted by −n).

1.3. Rational numbers as roots of linear equations. Rational numbers
were “discovered” because not all equations were solvable in the set of the
natural numbers, and adding negative integers did not solve the problem
completely.

The equation

qx = p, p ∈ N, q ∈ Z. (9)

can be solved in x ∈ Z if and only if p is divisible by q. In particular, for
p = 1 it never has a solution (unless q = 1). Meanwhile, solving was required
by practical purposes: we “know” that somehow we need to add fractions to
whole numbers to describe the world. But what is a fraction? We can split
an apple or divide a segment into equal parts, but how about “dividing the
indivisible”?
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Mathematically speaking, we need to construct a larger set containing
all integer numbers Z, adding some “new numbers” which we want to obey
“the same” rules as the usual integers. This includes arithmetic operations
±,×, /, the order properties (possibility to use meaningfully the inequalities
>,< and the derived non-strict inequalities >,6. In addition we want only
one thing: solvability of “all” equations qx = p with integer p, q. Can we do
that?

In the same way as before, we can try to introduce non-integer num-
bers via the equations (9) they satisfy. Such equations form a countable
set which is in the natural one-to-one correspondence with the set of pairs
{(p, q) : p ∈ Z, q ∈ N}. Note that we do not allow for the moment zero
or negative denominators. Instead using exotic symbols, we will denote by
the symbol Rpq the “new” number denoting the root of the equation (9).
We will use the provisional term R-numbers to refer to such “numbers”.
The idea is to establish the laws of arithmetic operations to work with R-
numbers, assuming nothing but the properties of the laws themselves and
the equations (9) “defining” the new entities.

Clearly, if p is divisible by q, we can identify the corresponding symbol
Rpq with the integer number p/q ∈ Z. In particular, this means that R-
numbers contain the usual integers Z as a subset, if we identify Rp1 with
p ∈ Z.

For any p, q ∈ Z, the symbols Rpq and Rsp,sq should be declared equal for
s ∈ N. In particular, we have 0 = R0q for all q ∈ N. Indeed, the equations

qx = p and (sq)x = sp, q, s ∈ N, p ∈ Z,

are equivalent (must have the same “solutions”, the braces are added just
for better visual rendering).

It is very easy to define multiplication of the R-numbers. Indeed, if we
have two systems of equations, (9) and another similar equation

my = n, m ∈ Z, n ∈ N, (10)

then multiplying the corresponding parts of these equations, we arrive at
the equation

(pm)(xy) = (qn)(xy), pm ∈ Z, qn ∈ N. (11)

This means that the product of two R-numbers is again an R-number,

Rnm ·Rpq = Rpn,mq, n,m, p, q ∈ Z. (12)

Moreover, it turns out that we can easily invert any nonzero R-number, i.e.,
find another R number such that the product of the two will be equal to
1 = R11. Indeed, if Rpq 6= 0, i.e., if p 6= 0, then the number Rqp will do the
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job1: by (12),

Rpq ·Rqp = Rpq,pq = R11 = 1.

Using this inversion, we can define division as multiplication by the inverse
number. Explicitly, Rpq/Rmn = Rpn,qm, provided that Rmn 6= 0.

To define addition and subtraction, in a somewhat surprising way, one
needs to work a bit harder. Namely, we have to transform the defining
equations to equivalent forms which could be easily added one to the other
as follows2,

mx = n, qy = p ⇐⇒ (qm)x = qn, (qm)y = pm (13)

(qm)(x± y) = (qn)± (pm) =⇒ x± y = Rqn±pm,qm (14)

This, of course, corresponds to the usual rule of addition/subtraction of
fractions, whereby

n

m
± p

q
=
pm+ qn

qm
,

but now we have all arguments to tell the impatient kids why the rule of
adding fractions cannot be invented in a more simple form. It remains only
to restore the traditional notation for the R-numbers and rename them back
into what they are, the familiar rational numbers, denoted by Q.

1.4. How to divide by zero. The success of previous attempts might
prompt somebody to think about “resolving” other equations which have
no solutions, in particular, introduce some form of an “infinite element”
which would be the result of division by zero, i.e., a solution of the equation

0× x = q, q ∈ Z. (15)

First, note that the case q = 0 should be excluded: indeed, the equation
0x = 0 has infinitely many solution already for x ∈ Q, thus cannot play
the role of a single “number”. On the other hand, any other choice for
q 6= 0 results in the same equation 0x = 1 after division by q. Thus we may
denote by ~ the missing solution to the latter equation, which is similar to
R-numbers except for vanishing of the second index:

0×~ = 1, ~ = R10.

Using the technology developed for R-numbers in the previous section, we
can prove the following identities:

~×~ = ~, ~× r = ~, ~± r = ~, ∀r ∈ Z r {0}.

1One small detail: we require in the definition of the R-numbers, that p ∈ Z and q ∈ N.
Thus condition may be violated if we exchange p with q, if p was negative (recall that it
can’t be zero by assumption). In this case we have to replace Rqp by the same number
but expressed as R−q,−p which will be conforming to all standards.

2The same remark about avoiding negative numbers in the places reserved for natural
numbers only should be made here as well.
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Indeed, by (13),

~± p

q
= R10 ±Rpq = R±p,0 = R10 = ~,

and similar arguments prove the remaining identities. On the other hand,
the formal substitution of m = 1, n = 0 into (13) and (12) results in the
“forbidden” value R00 which, as we have agreed, makes no sense. Thus the
results of the form

0×~, ~/~ and ~±~
are undefined. Thus we are left with two possibilities: either to admit a
“number” and sacrifice the universal applicability of the operations + and
× for the sake of other possible advantages, or leave the equation 0x = 1
non-solvable in our number system. The first approach is very beneficial (if
implemented accurately, it does not require the use of the special symbol ~
for the result) for geometric purposes. However, when dealing with algebraic
systems, we prefer universal applicability of the two basic operations and
instead study special collections of non-invertible elements.

Order failure. Another unpleasant feature of adding the element ~ to the
set of rational numbers is the loss of the natural order. Indeed, the order
> can be extended on the rational numbers in the obvious way: Rpq > 0 if
and only if p ∈ N (recall that by our convention q ∈ N, so q > 0 always).
The The sum and product of positive R-numbers is again positive (trivial
check), and we define the relation Rpq > Rmn if and only if Rpq −Rmn > 0.
Expanding the expression for the difference, we see that

Rpq −Rmn ⇐⇒ pn−mq > 0.

We can use this definition of order in the case m = 1, n = 0. Substituting,
we see that the inequality −q > 0 fails for all q ∈ N, so by this definition
Rpq < ~ for any Rpq. On the other hand, we can write R10 = ~ = R−1,0
(the equation 0~ = 1 can be multiplied by −1), and thus Rpq > ~ for any
R-number. This contradiction deprives us of the order as we known it.

Remark 2. Note that the “paradoxical” identity ~ = (−1) · ~ does not
lead us to a contradiction, since we agreed not to define ~ ± ~, so cannot
use the argument (x = −x) =⇒ (2x = 0) =⇒ (x = 0). Yet this identity
is one of the unavoidable consequences of allowing “division by zero”.

Projective Geometry. Consider the plane with the coordinates (p, q), p, q ∈ Z.
Points of this plane can be visualized as elements of the lattice Z2 on the “real
plane” {(x, y) : x, y ∈ R} (as before, we leave the question of what is R at this
moment). Identifying points (p, q) 6= (0, 0) and (sp, sq) with s ∈ Zr {0}, we arrive
at the set of lines {(x, y) ∈ R2 : q : p = x : y} passing through the origin and having
a rational slope, y/x = p/q. All non-vertical lines with q 6= 0 are identified with
the rational numbers.

Allowing ~ as the vertical line passing through the point (0, 1) means (even-
tually) adding the ‘infinite point” to the real line. After this adjunction the line
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becomes more like a circle: topologically3 the rational projective line is equivalent
to the set {(cos rπ, sin rπ) : r ∈ Q} of rational points on the circle. If you move
along the rational line in the positive direction, then you reach the point ~ after
passing by all positive numbers, but if you continue beyond ~, you suddenly find
yourself deep into the negative part (think of the behavior of the function 1/x as x
moves from 1 to zero and then continues to the negative side). There is no linear
(transitive) order on the circle, but one can define the positive direction of rotation,
counterclockwise).

The corresponding object, denoted by QP 1, is called the projective (rational)
line, and is important for algebraic geometry.

On this projective line the the “unit shift” +1 : Q → Q, r 7→ r + 1 acts in
an unexpected way: this operation does not move the “infinite point” ~ off its
position. On the other hand, we can define many other transformations of QP 1

into itself, with a very reach geometry.
If instead of the real (rational or all real) numbers you add~ to the complex plane

(of the numbers of the form x+ iy, x, y ∈ R), then the result will be topologically
a sphere (the Riemann sphere), called the complex projective line and denoted by
CP 1.

The idea of adding “ideal elements at infinity” is enormously rich: in particular,
in geometry it allows to add a precise meaning to the statement that “two parallel
lines intersect at infinity”. Moreover, it allows to greatly unify many statements,
excluding from them the “degenerate” particular cases. Geometry without parallels
is in many respects more natural!

1.4.1. Algebraic structures. The formal constructions which we played around
with in the previous sections, from a certain moment do not depend on the
“nature” of the operations of addition and multiplication, provided that
they satisfy certain properties. Axiomatization of these properties provides
us with several algebraic structures.

Example 3. Prove that in any number system there can be only one zero.

Here by “any number system” we mean a set of elements with the asso-
ciative operation + always defined and always invertible, meaning that any
equation of the form a + x = b is always solvable. Zero, denoted by 0, is
any element whose addition (subtraction) does not change anything, and it
exists in any number system as the solution of the equation a+ x = a.

Mathematics refers to such number system as a commutative group (in the
additive notation). Do you know what a group is? What is commutativity?
Solution. Assume that there are two such elements, 0′ and 0′′. Then

0′ = 0′ + 0′′ = 0′′.

Example 4. Prove that in any number system the product 0 · a is always
zero.

Here by “any number system” we mean a set with two operations, +
and ·, related by the usual rules, with the addition being always invertible.

3We did not yet define what means “topological equivalence”, yet intuitively we think
of it as the “shape” of the object, ignoring its size and and curviness.



ANALYSIS FOR HIGH SCHOOL TEACHERS 11

Mathematics call such number system as a commutative ring with unit. The
integer and rational numbers Z (resp., Q) are commutative rings. The nat-
ural numbers are not a ring (addition is not always invertible), as well as
the projective line QP 1 (some additions are undefined).

Solution. By definition, 0 = 0 + 0. Thus for any numbers a in our system
(ring),

0 = a · 0− a · 0 = a · (0 + 0)− a · 0 = a · 0 + (a · 0− a · 0) = a · 0.

Thus the equation 0x = b has no solution in any ring. We can (and will)
live with that.

If in a number system every nonzero element is invertible, that is, the
equation ax = 1 is solvable for any a 6= 0, then we say about a field. Z is
not a field (no elements except for ±1 are invertible in it). Q, R and C all
are fields.

There were no problems left to the reader for self-control. Actually, with
few explicit exceptions, the text above constitutes a long series of state-
ments that should be identified as such, formulated explicitly and proved by
elementary arguments reducing them to definitions.

2. Adjunction of irrational numbers

All linear equations of the form ax + b = 0 with a 6= 0, a, b ∈ Q, are
solvable in the rational numbers. However, algebraic equations of a higher
degree can be without rational solutions. Consider two following examples:

x2 − 2 = 0, (16)

x2 + 1 = 0. (17)

In both cases we can proceed in a similar way, adding formally the “miss-
ing elements” and then learning how to operate with them.

Adjoining the square root of 2. Denote “the root of the equation x2 = 2”
by �. Formally this means that we add a new element � /∈ Q to the set of
rational numbers and see what other elements will have to be added then,
if we want the “enlarged” (extended) set to form again the field (i.e., the
set closed by addition/subtraction, multiplication and division by a nonzero
number).

Obviously, all numbers of the form r + s ·�, r, s ∈ Q, have to be added.
Moreover, no two such representations can be the same number. Indeed, the
only number representing 0 must necessarily be of the form 0 + 0 ·�, since
the element � is not in Q and cannot be a ratio of two numbers −s/r ∈ Q.

The identity �2 = 2, resulting from the “definition” of �, means that no
higher powers of � are required:

�2 = 2, �3 = 2�, �4 = 4, . . . ,�2n = 2n, �2n+1 = 2n ·�, . . .
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Thus the minimal ring containing both Q and �, denoted usually by Q[�],
coincides with the set of combinations Q + Q · � (how do you understand
this notation?)

This ring in fact is a field, i.e., any nonzero element r + s · �, has an
(unique) inverse. To see this, look at the identity

(r + s ·�) · (r − s ·�) = r2 − s2 ·�2 = r2 − 2s2.

The right hand side is zero only if r = 0 and s = 0, since the equation (16)
has no rational solutions. Besides, this is a genuine (“original”) rational
number, by which we can divide both sides of the equality:

1

r + s ·�
=

r

r2 − 2s2
− s

r2 − 2s2
·� = r′ + s′ ·�.

Thus any nonzero combination is invertible, and we proved that Q[�] is in
fact a field. In this case a more traditional notation is Q(�) or, avoiding the
esoteric symbol, Q(

√
2).

Remark 3 (First encounter with the Galois group). An attentive reader
may note that the construction of the extended field Q(

√
2) is slightly am-

bivalent. Informally this comes from the fact that the equation x2 = 2 “has
two solutions”. Whatever of them we “denote” by �, its negative −� is also
a solution which could be used to build the extension in exactly the same
way.

Thus there are two “different” ways to adjoin the root of the equation (16)
(which is not surprising, after all: we have only the equation in our disposal,
and all its roots should enjoy the equal rights). To formalize this observation,

we say, following Évariste Galois, that there is a map S : Q(�) → Q(�),
which sends each element into its “conjugate”,

r + s ·� S7−→ r − s ·�.
This map is:

• a “mirror reflection” S ◦ S = id, i.e., S(S(z)) = z for all z ∈ Q(�),
• respects both field operations, S(zw) = S(z) · S(w), S(z ± w) =
S(z)± S(w) for any two elements z, w ∈ Q(�),
• preserves the “old” (original) rational numbers, S(r) = r for any
r ∈ Q.

All such maps obviously form a group, which is called the Galois group of
the extension Q(�) (over Q, to be precise).

Adjoining roots of more complicated equations to the field Q results in
different fields with different Galois groups. It turns out that the “combina-
torial” (algebraic) structure of the Galois group allows to decide, whether
the initial equation is solvable in the radicals or not.

Complexification of rational numbers. In a completely similar way we
may “add” a number ♥ as a root of the equation (17). Adjoining ♥ to Q
immediately leads us to consideration of the numbers of the form r + s♥
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with r, s ∈ Q. Addition and subtraction of such numbers follows the obvious
rules. The multiplication is also possible because of the identities

♥2 = −1, ♥3 = −♥, ,♥4 = 1, . . .

(the sequence is periodic with period 4).
The conjugate r − s · ♥ satisfies the identity

(r + s♥)(r − s♥) = r2 − (−s2) = r2 + s2 ∈ Q, nonzero if r 6= 0 or s 6= 0.

Thus all nonzero elements are invertible,

1

r + s♥
=

r

r2 + s2
− s

r2 + s2
♥,

and Q(♥) is indeed a field, more traditionally denoted as Q(
√
−1). As in the

case of Q(
√

2), the field is defined uniquely modulo the “mirror symmetry’
which sends each number into its conjugate.

On the level of abstract algebraic manipulations, the two fields are very
similar, although one feels that the numbers from Q(

√
2) are “real”, whereas

the numbers from Q(
√
−1) are “unreal”. The explanation of the difference

comes from consideration of the order, see the next lecture.

Remark 4. Adjoining � =
√

2 or even ♥ =
√
−1 does not imply auto-

matically that other quadratic equations will be solvable. For instance, the
equation x2 = 3 has no solutions in Q(

√
2), and the equation x2 = 2 is not

solvable in Q(
√
−1), though the equation x2 = −4 is.

One can adjoin roots of all quadratic equations simultaneously and con-
sider numbers of the form a + b

√
c with a, b, c ∈ Q. This representation is

already non-unique (in the same way as different fractions can be reducible
to the same rational number), yet clearly numbers of such form constitute
a field (prove that!).

Yet the equation x2 = p+q
√
r with p, q, r ∈ Q may well be non-solvable in

the numbers of the form a+b
√
c with a, b, c ∈ Q (can you give an example?),

thus the process of constructing a field closed by the root extraction is not
a simple task.

Despite the apparent similarity, the two extensions Q(�) and Q(♥) differ
in what concerns the possibility of introducing a complete order on them
(meaning that for any two elements a 6= b in the set either a > b, or b > a,
and these two possibilities are mutually exclusive). One can place � between
positive rational numbers, as follows:

p

q
< 2 ⇐⇒ p2 < 2q2,

p

q
> 2 ⇐⇒ p2 > 2q2.

This allows to compare any number r + s�, r, s ∈ Q, with zero, and hence
define a complete order on the set Q(�): the “new order” will be the exten-
sion of the usual order on Q, and will satisfy all properties we want from an
order.

The same idea does not work with the extension Q(♥). Indeed, one cannot
compare ♥ with zero without obtaining a contradiction. If we assume that
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♥ > 0, then multiplying both sides of this inequality by positive (by its
very virtue!) number ♥, we arrive at a wrong inequality −1 > 0. The same
argument works if we assume that ♥ < 0: then −♥ > 0, which is impossible
since (−♥)2 = (−1)2♥2 = −1 < 0.

Problem 1. Prove that x2 = 3 is not solvable in Q(
√

2).

Hint: assume that x = r+ s
√

2 is a solution. Then 3 = x2 = (r2 + 2s2) +
2rs
√

2. Prove that this is impossible for any rational r, s.


