
ANALYSIS FOR HIGH SCHOOL TEACHERS

LECTURE 1. FIRST ENCOUNTER WITH INFINITY

ROTHSCHILD–CAESARIA COURSE, 2013/4

Abstract. This first lecture of the course does not contain any really
new material which goes beyond the high school level of elementary set
theory and elementary logic. Its purpose is two-fold: to demonstrate
that abusing the natural language, it is very easy to arrive to patently
wrong conclusions when dealing with infinity. To sanitize the area, one
first has to introduce the language of sets, functions an logical formulas
and learn to speak and understand this language. That’s exactly the
second goal of the first lecture: to learn how simple (one would even say
“obvious”) facts and assertions can be stated and logically derived from
each other.

A few interludes typeset in the fine print describe on the anecdotal
level some relatively recent developments in mathematics and usually
are accompanied by the external links which can be followed from the
electronic version of these notes.

1. Genesis

1.1. What is the principal difference between Analysis and other
branches of High School Mathematics? Both Algebra and (elemen-
tary) Geometry are (mostly) based on “finitely described” objects and op-
erations on them, allowing for “formal manipulations”.

• Algebraic rules of identical transformations.
• Simple types of geometric figures with clearly defined parameters

(points, lines, circles, . . . ). Note that Geometry does not discuss
“what is the length”, it operates with simple rules for its behavior,
based on intuition with finite segments and their proportionality.
Hence the problem with explaining the length and area of the circle.
• Trigonometric and exponential/logarithmic identities. In addition

to the arithmetic laws, a collection of few “simple” (or not?) rules
which are accepted as “obvious”, is introduced.

On the contrary, Analysis (a.k.a. Calculus, Infinitesimal Calculus, Differen-
tial and Integral Calculus) is all about infinite constructions and processes,
formalized via the construction of the limit.

Among other things, it allows to justify the algebraic and geometric rules.
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1.2. Infinity is dangerous.

Example 1. Computation of

S =
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is obvious: 2S = S + 1, hence S = 1.
However, the same trick applied to

S′ = 1 + 2 + 4 + 8 + · · · , 2S = 2 + 4 + 8 + 16 + · · · ,

yields the obvious 2S = S − 1 and the paradoxical conclusion S = −1.

Conclusion. Arithmetic rules with infinitely many terms may fail. In
this example the erroneous step was to denote a suspicious object (in this
case, the infinite sum which may simply not exist!) by a symbol and then
manipulate with this symbol as if it were a usual number. And don’t discuss
yet why it was possible to use the distributional law with the infinite rather
than finite sum!

Problem 1. Use the trick for computing the infinite sum

S = 1 + a+ a2 + a3 + a4 + · · ·

and find the values for which the method “works” and gives the “correct
answer”.

Example 2. Consider the train traveling from Tel Aviv to Jerusalem but,
unlike the real train, assume that it has its first stop in the middle of the
path, then the next stop one quarter of all distance from Jlem, another stop
1/8 of the all distance etc., thus making infinitely many stops.

In TA only one passenger boards the train, and exits on the first stop.
Instead, on this first stop enter Passengers 2 and 3. On the second stop
Passenger 2 exits, and instead Passengers 4 and 5 enter. The process con-
tinues: on each stop the passenger with the smallest number exits, and two
new numbered passengers enter.

How many people will reach Jerusalem?
The answer is zero, i.e., nobody will remain on board after infinitely many

stops. Indeed, assume that each passenger which boards the train, gets a
ticket with the number increasing by one with each new passenger. Then
every passenger will leave the train on the station number n, where n is
the number on the ticket, and hence will not reach Jerusalem. Note that
this does not contradict the fact that at every moment before arrival to the
terminal, the train is full of passengers, their number increasing as the train
approaches the terminal.

Conclusion. The rules of operation with inequalities may fail if applied
to infinite quantities.
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Example 3. The previous problem can be simplified. Compare the two
sets, the natural and the integer numbers.

N = {1, 2, 3, 4, 5, . . . } and Z = {. . . , −3, −2, −1, 0, 1, 2, 3, 4, . . . }.

Which of them is larger?
Answer: they are of the same size. Indeed, every integer number can be is-

sued a unique natural ticket in the following order: 0, 1,−1, 2,−2, 3,−3, . . . .
The “number of passengers” is by construction equal to the “number of
tickets”.

Conclusion. Even the “obvious” rule that a part is smaller than the
whole, may be wrong.

Example 4. Consider the hypotenuse of the rectangular triangle and its
approximation by the staircase with sides parallel to the two other sides. If
the size of the stairs is very small, the stair becomes indistinguishable from
the hypotenuse, yet the length remains the same in apparent contradiction
with the Pythagoras theorem.

Conclusion. Measurement of lengths is trickier than you thought: be-
sides the “visual indistinguishability” between the line and the staircase
with very small stairs, something else has to be controlled. So what about
measuring the length of the circle by lengths of inscribed polygons? Are you
still sure it indeed works?

Example 5. Can you draw a closed (like a circle) non-self-intersecting line
on the plane, whose length is infinite?

Answer: despite the apparent impossibility, such curve can be constructed
explicitly. It is known under the name of the Koch snowflake. The construc-
tion involves infinitely many steps, but each step is a “facelift” on smaller
and smaller scale, hence one can get convinced that “at the end” something
which indeed looks like a curve, will be obtained.

This curve has a number of unexpected properties: it not only has the
“infinite length” (later we will argue that it is better to say that it has no
length at all),—any piece of this curve has infinite length. It is closed, in
particular, it divides the plane into two parts,—interior and exterior. The
interior part has finite area. This curve does not admit a tangent line at all
its points.

Why do we still agree to call it a curve, despite all these peculiarities?
A good question. We need to reinforce our intuitive idea of a curve by an
accurate definition and then verify that the result will fit this definition.

1.3. If the infinity is so dangerous, why shouldn’t we simply avoid
it? Well, that’s tempting and several people tried this way (e.g., the ancient
Greeks). Unfortunately, this would result in an extremely poor mathematics,
not capable of addressing the most pressing needs, as the following examples
show.

http://en.wikipedia.org/wiki/Koch_snowflake
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Figure 1. von Koch snowflake. First subsequent steps of
the construction shown: on each step we replace one middle
third of each edge by two segments of the same size, thus
increasing the total length by the factor 4/3.

Example 6. The decimal fractions, very useful for computations, will in-
stantly cease to be sufficient: the fraction 1

3 = 0.33333 . . . will not be ex-
pressible.

Example 7. The length of the circumference would require an ad hoc def-
inition. Indeed, the length is initially defined only for line segments, then
by additivity for perimeters of polygons etc. But the circumference is not
a polygon, it can be only approximated by polygons. Yet this process may
result in paradoxical conclusions. And for other nice curves, say, ellipses,
even the ad hoc definition doesn’t work.

Example 8. The only functions of one variable x, which can be produced
by finitely many arithmetic operations, are rational functions of the form

f(x) =
P (x)

Q(x)
, P,Q polynomials in x.

In the world without infinity there will be no exponentials, logarithms, sines,
cosines. While one might argue that the rational powers of the form f(x) =
xµ, µ ∈ Q, are admissible, the irrational powers with µ /∈ Q will certainly
be not.

Example 9. Most physical and engineering notions will disappear. E.g.,
while we will be still able to talk about the velocity of the uniform motion,
the free-fall motion will not have a well defined velocity. And the police
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would have to distinguish between kilometers per hour, meters per minute
and centimeters per second to give you tickets for speeding, as the three
values might be very different.

In short, the life without infinite constructions will be too boring. On the
other hand, in the “real world” there is no infinity! Thus our intuition is
betraying us for good reasons: it has absolutely no practical experience in
dealing with infinite things.

The formal logic comes to rescue.

2. Formal language: sets, logic, functions

Part of the problem (but only part!) is related to the imprecision of our
language.

Example 10. Hats are made to fit people. This phrase can be understood
in a number of ways:

(1) Every hat fits somebody;
(2) Each person can find a hat that fits that person;
(3) Every hat fits everybody;
(4) There exists a wonder-hat that fits everybody;
(5) There is somebody who orders a new hat to be produced when a

new child is born. . .

Some of these interpretations can be true, some false, some ridiculous or
meaningless because they refer to undefined action (order) or notion (birth).

In order to avoid getting cheated by our language, we need to formalize the
language. It can be done in several ways (think of programming languages
to explain to computers the task we need them to perform). Our goal is to
avoid all possible ambiguity, and we will use the language of sets and logical
formulas.

This language, which was once believed to be capable of solving all com-
munication and exposition problems, is still insufficient (for the reasons
which we will not discuss here) for description of very large sets or arbitrarily
complicated formulas. However, for the purposes of 99.999% of mathemat-
ics and 100% of its applications, this language is absolutely adequate and is
now the de facto standard.

2.1. Sets. Sets consist of elements (which can again be sets). Not every-
thing can be considered as a set, and in general one has problems with
dealing with very-very-very large (infinite) sets, but we will stay in a very
tame world of relatively “small” sets. Then there are various operations
which allow to construct new sets from old ones.

We assume that the notion of the set of natural numbers and set of integers
are known (denoted by N and Z respectively). Actually, the natural numbers
appear as the mathematical model for the process of counting identical (or
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comparable) items: there is the first ever natural number 1, and each other
number is preceded by exactly one and followed by exactly one other number.

Repeated counting (counting the number of times one gets from n to its
successor) is identified with the operation of addition. Repeated addition is
called multiplication. The operation inverse to addition is called subtraction;
it is not always admissible in N, so zero and the negative numbers were added
to make all equations m+ x = n, m,n ∈ N, solvable.

2.1.1. ∅. The empty set ∅ is the only set in the world which contains no
elements at all. Thus any assertion about an element of an empty set is
automatically true. E.g., if M is the set of all winged horses, then all
elements from M are white, black and made of gold simultaneously.

2.1.2. Subsets. Given a set, say, N, one can form its subsets, by including
in them only some (finitely or infinitely many) natural numbers. Say, even
numbers 2N, finite segments {1, 2, . . . , 5771, 5772} etc. However, the defi-
nition should be unambiguous (the set of unlucky numbers is not a good
set).

2.2. Set theoretic operations. Operations on existing sets produce new
sets:

A ∪B = elements which belong either to A or to B (or to both),

A ∩B = elements which belong to both A and B,

ArB = elements which belong to A but not to B.

2.2.1. Arithmetic and algebraic operations. One can use arithmetic, alge-
braic or any other way to construct sets: for instance, if A,B ⊆ Z, then one
can form the “sumset” and “diffset”,

A+B = {x+ y : x ∈ A, y ∈ B}, A−B = {x− y : x ∈ A, y ∈ B}.

2.2.2. Everything inside. One can consider all subsets of a given set A: this
will be a new, much larger set, which contains both ∅ and A as elements.

2.2.3. Products. One can consider some other constructions, e.g., for two
subsets A,B we can consider the set (denoted by A×B) of ordered pairs of
elements:

A×B = {(x, y) : x ∈ A, y ∈ B}.
This way from the set of real numbers R (whatever this means at this mo-
ment) considered as the “real axis”, we form the plane with the coordinates
x, y.

Problem 2. Prove that Z = N − N, but ∅ = N r N. Never confuse these
two operations!

Problem 3. Prove that {x2 : x ∈ Z} ⊆ N ∪ {0} (note that {0} 6= ∅!). How
would you formulate this statement “in the natural language”?
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2.3. Logical formulas. We will not try to develop a formal theory of log-
ical formulas, remaining on the “intuitive” level. There are some “basic”
formulas, eventually involving indeterminates x, y, . . . , which can be substi-
tuted by specific (admissible) values. We will denote such basic formulas by
α, β, . . . , specifically indicating the “free” variables if necessary, e.g., α(x),
β(x, y) etc.

Example 11. The following are examples of “basic” logical formulas:

(1) α = (1 + 1 = 2), always true, since it does not depend on anything;
(2) β(x) = (x > 0), true for positive values of x and false for the rest;
(3) γ(x) = (x2 > 0), true for all real values of x;
(4) δ(x, y) = (x > y), true for some pairs (x, y) and false for other;
(5) γ(x) = (z = 0) is a wrong construct: one should add z to the list of

variables and write γ(x, z). It does not depend in fact on the value
of x, but nobody cares.

Given two formulas α, β, one can use logical operations ∧,∨ and the
negation to form the conjunction (“and”) α ∧ β, disjunction (“or”) α ∨ β
and the negation (“not”) α, the new formulas depending on the variables
which appear in one of the formulas α, β.

These operations are not completely independent: one can easily see that

α ∧ β = α ∨ β,
which allows to express “and” via “not” and “or”.

It is convenient to introduce also the operation “implies”:

α⇒ β stands for α ∧ β.
The result of this operation is false if and only if α holds true and β is false
(in all other cases it is true even if there is no “genuine connection” between
α and β, in particular, if α(x) is always false). The statement “If pigs can
fly, then the equation xn + yn = zn has no natural solutions for n > 2” is
true but, alas, does not prove the Fermat’s theorem.

Example 12. If α(x) is the formula x = x + 1 and β(y) is the formula
y > 1, then α∧ β is always false, α∨ β is true or false, depending on y, and
the formula α⇒ β is true regardless of x and y.

There is an obvious connection between the set theoretic operations on
sets and the logical operations on formulas defining these sets. If α(x) and
β(y) are two logical formulas and

A = {x : α(x)}, B = {y : β(y)}
are two sets of elements, for which the respective formulas hold true, then

A ∪B = {x : α(x) ∨ β(x)}, A ∩B = {z : α(z) ∧ β(z)},

A = {y : α(y)}.
Problem 4. Write explicitly the logical formula for the difference ArB =
{x : (x ∈ A) ∧ (x /∈ B)}, using the operation ⇒ and the negation only.
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2.4. Quantifiers. In addition (or, better to say, to add more precision), we
need to add the words “exists” or “all”. For instance, the sumset of all sums
x + y, whenever x ∈ A and y ∈ B. Or, equivalently, this is the set of all
number z such that there exist two elements x ∈ A and y ∈ B such that
z = x+ y.

The corresponding words are abbreviated to the symbols ∀ for “all” and
∃ for “exists”.

Using these symbols will be very important, so the fluency in dealing with
them is most essential.

Problem 5. Let n ∈ N be a natural number. Describe the set {z : ∃x, y ∈
N such that z = x+ y and x, y 6 n}.

Problem 6. Describe the set C = {xy : x, y ∈ N, x > 1, y > 1} and the
difference Nr C.

Problem 7. Which of the following statements about integer numbers
x, y ∈ Z are true? what changes if these statements refer to the natural
numbers x, y ∈ N?

(1) ∃x ∀y : x 6 y;
(2) ∀x ∃y : x 6 y;
(3) ∃y ∀x : x 6 y;
(4) ∀y ∃x : x 6 y;
(5) ∀x ∀y : x 6 y;
(6) ∃x ∃y : x 6 y.

Have you seen anything similar before? What happens, if instead of the
non-strict inequality “6” we use the strict inequality “<”?

The advantage of using the formalized language is, among other things,
the possibility of treating the “logical claims” as new mathematical objects
(counting them, transforming them by certain rules) etc. For instance, the
inequality x 6 y means that a hat of size y ∈ N fits a person with the head
size x ∈ N. This allows to write down all logically possible assertions about
one hat and one man (prove that in the above problem all of them are listed).
This is the subject of a special branch of mathematics, called Mathematical
Logic, but we won’t explore this direction beyond the minimal knowledge.

2.5. Free and bound variables. The veracity of the statement x 6 5
depends on x, and is true for x = 5 and false for x = 6. The veracity
of the statement x2 > 0 also depends on x, but in the trivial way: no
matter what the choice of x is, it remains true, thus we can safely claim that
∀x ∈ Z x2 > 0. Note that the latter statement has no “free indeterminate
variable”, x is only the “internal” (dummy) name which can be replaced by
any other name without affecting the result.

We say that the quantifier ∀ binds the label (slot, name, variable, . . . ) x
which comes after it. The same does the quantifier ∃.
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Problem 8. Check the veracity of the following statements, assuming that
the labels x, y stand for the natural numbers (elements of N):

(1) x 6 y;
(2) ∀y x 6 y;
(3) ∀y x < y;
(4) ∃x;
(5) ∃x x 6 y;
(6) ∃x ∀x x 6 y.

Example 13. Using logical formulas, one can formalize all unambiguous
statements, but this can be very cumbersome. For instance, to write down
the formula for the assertion π(p) = (p is a prime number), we need to do
the following steps:

(1) “x divides y”: δ(x, y) = (∃z ∈ N y = xz);
(2) “p is prime”:

π(p) = (p ∈ N) ∧ (p > 1) ∧
(
∀x ∈ N δ(x, p)⇒

(
(x = 1) ∨ (x = p)

))
. (1)

Example 14. Sometimes we want to stress that a formula α(x) defines a
unique element of some universal set X. The corresponding sentence looks
as follows (think about it!),(

∃x ∈ X α(x)
)
∧
(
∀x, y ∈ X α(x) ∧ α(y) ∧ (x 6= y)

)
.

Since it will be used very often, we will introduce an abbreviated notation
using the “composite quantifier” ∃!x . . . , meaning “exists a unique x such
that . . . ”, so that the above formula would be abbreviated to ∃!x ∈ X α(x).

2.6. Functions and their compositions. The notion of a function is as
fundamental for the modern mathematics as the notion of a set, but it
appeared much earlier, when the main ideas of calculus were formulated.
Initially the notion of function was much more restricted: for instance, func-
tions of the real variable were assumed to be defined by “expressions”, either
finite formulas, or at worst infinite series.

Today we allow functions to have any (unambiguously defined) sets as
domain and range, and do not impose any specific restrictions on the way
its values are defined, caring only about the uniqueness of its values. Thus,
a function f : A → B is simply a rule which associates with each element
x ∈ A (the domain set) a unique element y ∈ B in the range set, denoted
by f(x).

Remark 1. The problem of restricting the class of admissible rules used to define
functions, is not trivial. For instance, if we have a finite family of non-empty sets
Ai 6= ∅, i = 1, . . . , n, then one can choose an element ai from each set Ai and hence
“construct” a function f : {1, . . . , n} →

⋃n
i=1Ai satisfying the condition f(i) ∈ Ai.

Although we did not specify the rule f , we still are absolutely certain that such
functions exist (and in fact there are plenty of them)!

http://en.wikipedia.org/wiki/History_of_the_function_concept
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The question becomes less obvious if instead of a finite family, we have an infi-
nite family of sets (see below). In this case the existence of the “choice function”
which selects a single element from infinitely many sets (which themselves may be
infinite) becomes less obvious. One special reason for concern is the logical con-
sequence of the infinite choice assumption (Zermelo’s axiom of choice), known as
the Banach–Tarski “paradox”. Using certain “unspecified choice function”, one can
take a unit ball, disassemble it into finitely many pieces and then rearrange them,
without changing their shape in the space, to form two identical balls of the same
radius. This seemingly contradicts by the fact that the volumes of the parts must
be unchanged by such rearrangement and add together to V 6= 0 and 2V 6= V
simultaneously. The explanation consists in the fact that these parts do not have
volume in roughly the same sense as the von Koch snowflake has no length. Al-
though the possibility of such constructions is considered by some mathematicians
embarrassing (they suggest to exclude the axiom of choice outright), the majority
of practicing mathematicians have no compunction about using results based on
this axiom.

Each function f : A → B is completely characterized by its graph, a
subset of the product A×B:

Gf = {(x, y) ∈ A×B : y = f(x)} ⊆ A×B.
Conversely, any subset G ⊂ A×B which satisfies the condition that

∀x ∈ A G ∩
(
{x} ×B

)
is non-empty and consists of exactly one element (2)

is the graph of some function f : the image of the point x ∈ A is the only
point y ∈ B such that G ∩

(
{x} × B

)
= {(x, y)}. This construction allows

to define the notion of a function in terms of the set theory.
Alternative names for “functions” are “maps” and “applications”. They

sometimes carry different psychological flavor, yet formally are all equivalent.

Example 15. Let R[x] denote the set of all polynomial functions with real
coefficients (this is a rather large set!). Then the rule associating with each
polynomial p(x) its derivative p′(x), is a new function D : R[x]→ R[x], yet
in order not to confuse with the functions which we differentiate, we refer
to D as an application (sometimes an operator, the term reserved for linear
functions).

We call an application f : A→ B an isomorphism, if in the above defini-
tion (2) the symmetry between A and B can be restored, that is,

∀y ∈ B G ∩
(
A× {y}

)
is non-empty and consists of exactly one element. (3)

In other words, every element y ∈ B is the image of some element x ∈ A,
and any two different elements x1 6= x2 are mapped to different elements
y1 6= y2. This existence and uniqueness implies that for each element y ∈ B
there exists a unique element x ∈ A such that y = f(x). Obviously, this

http://en.wikipedia.org/wiki/Axiom_of_choice
http://en.wikipedia.org/wiki/Banach-Tarski_paradox
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rule gives us another function, denoted by f−1 : B → A, which is called the
inverse function (to f).

Definition 1. Sometimes out of two conditions in (3) only one holds. We
have special names for such functions:

(1) a function f : A → B is called injective, or one-to-one, if different
elements of A are taken into different elements of B, i.e., f(x1) =
f(x2) =⇒ x1 = x2;

(2) a function f : A → B is called surjective, or onto-function, if every
element of B has a preimage in A, i.e., ∀y ∈ B ∃x ∈ A f(x) = y.

Problem 9. Assume that f : A → B is only injective. Prove that f is an
isomorphism between A and a subset B′ ⊆ B.

Functions can be composed with each other, i.e., applied consecutively. If
f : A→ B and g : C → D are two functions, then the composition f ◦ g of
g and f (in this order) is well defined provided that the range of g belongs
to the domain of f : if D ⊆ A, then

f ◦ g : C → B, (f ◦ g)(x) = f
(
g(x)

)
.

Note that the composition g ◦ f may be undefined as only for the possible
problem with the domains and ranges: no relation between B and C is
assumed by the above construction. But even if both compositions are well
defined, there is absolutely no reason for them to coincide.

Problem 10. Let f, g : Z→ Z be the two functions, defined as follows:

∀x f(x) = x+ 1, g(x) = 2x.

Find all x ∈ Z such that f ◦ g and g ◦ f take the same value on x.

Problem 11. Construct two functions f, g : Z→ Z such that f ◦g and g ◦f
coincide on a nonempty finite set.

Problem 12. Let f : A→ B be an isomorphism with the inverse map f−1.
Prove that

f ◦ f−1 : B → B and f−1 ◦ f : A→ A

are the identity maps idB, idA of the corresponding sets (mapping each ele-
ment into itself).

Problem 13. Prove that composition of two injective (resp., surjective)
maps is again injective (resp., surjective). Prove that composition of two
isomorphisms is again an isomorphism. Show that (f ◦ g)−1 = g−1 ◦ f−1.

Problem 14. Let f : R2 → R is the projection of the real plane on the
horizontal axis, f(x, y) = x. Find a map g : R→ R2 such that f ◦ g = idR.
Can you find a map h : R→ R2 so that h ◦ f = idR2?
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3. Taming infinity: the first steps

3.1. Infinite operations. We already implicitly introduced some construc-
tions involving infinity by allowing quantified formulas of the type ∀x ∈
N α(x) or ∃z ∈ Z β(z). These formulas can be sometimes easily verified,
sometimes easily falsified (proved to be false), sometimes the answer is dif-
ficult to obtain or simply unknown.

Example 16. The formula ∀x ∈ N ∃y ∈ N y > x is trivially true: each
natural number x has a successor (denoted by x+ 1) which is greater than
x by the definition of the natural order.

The formula ∃x, y ∈ N x2 = 2y2 is easily falsified: it is equivalent to
the assertion that

√
2 is a rational number, which was discovered by the

Pythagoras to be wrong.
The formula

∃x, y, z, n ∈ N (xn + yn = zn) ∧ (n > 2)

means the negation of the famous Fermat “theorem” which was proved only
in 1995 by A. Wiles, so we know now that it is wrong.

The formula (which uses the above logical function π(p) meaning p is
prime)

∀p ∈ N
(
π(p) ∧ π(p+ 2)

)
⇒
(
∃q ∈ N (q > p) ∧ π(q) ∧ π(q + 2)

)
after translation into the human language says that there exist infinitely
many twin primes, pairs of primes with the minimal distance 2 between
them. We still do not know if this is true or not, although some very recent
progress (April 2013) suggests that this might be true.

Yet, leaving aside the question of how to verify formulas involving vari-
ables which may range over infinite sets, we have no problem with allowing
such formulas in the description of sets, in particular, infinite sets.

Assume that we have the family of sets Ai, labeled by a variable i ∈ I
ranging over some set I. This set can be finite, infinite (e.g., I = N) or just
an arbitrary abstract set. Consider the logical formulas defining these sets:
these logical formulas should be of the form α(x, i) so that Ai = {x : α(x, i)},
explicitly involving the label i indicating its place in the family. As usual,
we can arbitrarily change the name of the variable used to label the sets in
the family, and write Ay, y ∈ I.

Example 17. The following are simple examples of infinite families of sets:

(1) Ai = {x ∈ Z : |x| 6 i}, i ∈ N;
(2) Bx = {x}, x ∈ Z;
(3) Cn = {the set of all natural divisors of the number n}, n ∈ N;
(4) Dr = {(x, y) ∈ R2 : x2 + y2 = r}, r ∈ R;
(5) Ek,d = {x ∈ R : the decimal expression of x contains exactly k times

the digit d}, d = 0, 1, . . . , 9, k ∈ N ∪ {0}.

http://en.wikipedia.org/wiki/Wiles'_proof_of_Fermat's_Last_Theorem
http://en.wikipedia.org/wiki/Wiles'_proof_of_Fermat's_Last_Theorem
http://en.wikipedia.org/wiki/Twin_prime
http://en.wikipedia.org/wiki/Yitang_Zhang
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The infinite operations
⋃
i∈I Ai,

⋂
i∈I Ai are defined by the obvious for-

mulas: ⋃
i∈I

Ai = {x : ∃i ∈ I α(x, i)},
⋂
i∈I

Ai = {x : ∀i ∈ I α(x, i)}.

In the plain language, the union of any number of sets is the set of elements
belonging to at least one of these sets, and the intersection is the set of
elements belonging to all sets of the family. Once again, by agreeing to this
definition we do not discuss how an infinite number of conditions can be
verified (or falsified). In many cases we indeed don’t know how the result
looks like, but we don’t question the existence of the result.

Example 18. The trivial observation that any set is the collection of its
elements can be expressed by the grandiloquent formula

A =
⋃
x∈A
{x}.

Problem 15. Describe the following sets (see Example 17):
⋃
iAi,

⋂
iAi,⋂

nCn;
⋃
rDr,

⋃
k Ek,9.

These operations can in turn be iterated.

Problem 16. Describe ⋂
d=0,...,9

(⋃
k∈Z

Ek,d

)
.

Example 19 (Collatz conjecture). Consider the sequence of numbers which starts
with an arbitrary natural number a1 ∈ N and continued “inductively”, iterating
the following rule:

• if an is even, then an+1 = 1
2an ∈ N,

• if an is odd, then an+1 = 3an + 1.

There exists a vast experimental data and some theoretic considerations making us
to believe that no matter what the first term a1 ∈ N is, the sequence will end up by
the cycle . . . 1, 4, 2, 1, 4, 2, 1, 4, 2, 1, . . . (i.e., hits the value 1 and circles then). This
is known as the Collatz (Ulam, Kakutani, Hasse, . . . conjecture, and it stands open
since 1937.

Problem 17. Denote by ϕ : N → N the function described by the rules from
Example 19, so that the Collatz sequence takes the form an+1 = ϕ(an), n = 1, 2, . . . .

Write the logical formulas for:

(1) the set of the first n values of the sequence, which begins with a1 = k;
(2) the set of all values Ck which takes the sequence starting from the initial

value k;
(3) the logical formula expressing the Collatz conjecture.

This will give you the logical formula (or the set) which is defined using infinite
union (or quantifiers), whose veracity we cannot determine.

http://en.wikipedia.org/wiki/Collatz_conjecture
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3.2. Comparison of sets using isomorphisms. If there is a way to
“marry” each element of a set A with a unique element of another set B so
that no elements of A or B are left unmarried, we have all reasons to say
that A and B are “of the same size” even if both are infinite. This intu-
ition is based on comparison of finite sets: if we issue a single ticket to each
passenger, then instead of counting the passengers, we can simply count the
number of tickets issued at the cash desk. Of course, to issue infinitely many
tickets is a challenge, but once we can establish an unambiguous rule which
does the job, the rest is trivial.

We can use this equality to declare two sets A,B (finite or infinite) be-
ing equivalent (“having the same number of elements”), if there exists an
isomorphism f : A → B (one-to-one and onto map) between them. If
the sets A and B contain finitely many elements (their numbers denote by
|A| and |B| respectively) and f : A → B is an injective (one-to-one) map,
then |A| 6 |B| (can you see it immediately). If f is surjective (the image
f(A) = {f(a) : a ∈ A} coincides with B), then |A| > |B|. If f is invertible
(an isomorphism), then |A| = |B|.

Having said that, “five” becomes simply a shortcut for the longer sentence
“a set equivalent to the set {1, 2, 3, 4, 5}” (one can as well use the set {|||||}).
A set is finite if and only if it is equivalent to one of such segments {1, . . . , n};
in this case the number n is the number of elements in it.

Example 3 actually suggests a way to compare sets rather than count the
number of elements in them.

A set equivalent to the set of natural numbers N, used for counting, is
called countable. It is “the smallest infinite set”.

Problem 18. Try to formulate the above statement, that “N is the smallest
infinite set”, in an accurate way.

Problem 19. The standard list of countable sets starts with N and Z and
is closed by finite unions and intersections. Any subset of a countable set is
either finite or again countable.

In a somewhat less expected way, a countable union of countable sets
is again countable. In particular, the set of rational numbers Q is also
countable. Prove all these statements.

Problem 20. Prove that the prime numbers form a countable set.

Remark 2. It is not easy to construct a non-countable set. However, we’ll
have to deal with such sets quite soon.

3.3. Order. We used inequalities extensively, now the time comes to discuss
how to treat them more formally. The set N of natural numbers from the
very beginning is ordered by the relation > (and, of course, < which is
simply the flip of arguments for >, but it is sooooo convenient to use both!).
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This order is closely related to the operation of addition1:

∀x, y ∈ N (x < y) ⇐⇒ ∃z ∈ N y = x+ z.

The set of natural numbers N is “asymmetric” with respect to the order:
every subset has a minimal element, but not necessarily a maximal element
(recall that an element x is called the minimum (resp., maximum) of a subset
B ⊂ N if all other elements of B are greater (resp., smaller) than it,

(x = minB) ⇐⇒ ∀y ∈ B (y = x) ∨ (y > x),

(x = maxB) ⇐⇒ ∀y ∈ B (y = x) ∨ (y < x).

Example 20. As an obvious assertion, we prove now that any nonempty
finite set A has a maximal element:

A finite =⇒ ∃x ∈ A ∀y ∈ A (y = x) ∨ (y < x).

Assume the contrary: then, negating the above formula, we conclude that

∀x ∈ A∃y ∈ A y > x.

Let a1 ∈ A be an element of A, existing since A 6= ∅. By the negated
assumption, there exists a2 ∈ A which is greater than it, a2 > a1. Again by
the same negated assumption, there exists a3 > a2, and so by transitivity
a3 > a1. Continuing this way, we prove that there exists an infinite number
of elements a1, a2, . . . , an, . . . , which are all pairwise different and all belong
to A. In other words, we constructed a map a : N→ A which is one-to-one
on its image, that is, A contains an infinite subset, in contradiction with the
assumption that A is finite.

Problem 21. Prove that any subset (not necessarily finite) of N has a
minimal element.

3.4. Infinite vs. finite: “relative size” of subsets. Thus far we had
only one fundamental example of an infinite set, namely, the collection of
all natural numbers N = {1, 2, 3, . . . }2. The set of all integers Z is defined
as N∪ {0} ∪ (−N), and the set of rational numbers Q can be identified with
the set of all pairs (p, q) : p ∈ Z, q ∈ N, gcd(p, q) = 1}.

Another infinite set of geometric origin is that of “geometric” points on
the “real line”. The quotation marks are used since we did not yet discuss
what is the real line, but the fact that it is infinite, is clear. Indeed, together
with any two points P,Q the line contains the midpoint of the segment
[P,Q], which is distinct from both endpoints, since P 6= Q. Continuing in
this way we may construct an infinite set of points which necessarily belong
to the line, which means that as a set of points it is at least countable.

1In fact, in the Peano axiomatic system for the arithmetics, both the operation of
addition and the order are defined via the notion of “successor”, the number immediately
following a given number.

2In some mathematical traditions, e.g., in the French literature, the natural raw starts
with zero, {0, 1, 2, 3, . . . }. This dissonance may be annoying but only seldom is critically
important, and then usually all necessary details are explicitly given.
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If X is an infinite set, then we can distinguish different types of subsets
of X by their “relative size”:

• small subsets A ⊂ X, which have finitely many elements;
• medium-size subsets that are infinite themselves, but their comple-

ment X rA are also infinite;
• large subsets, such that the complement X rA is finite.

Obviously, the (finite) union or intersection of small subsets is small again.
In the complementary way, the finite union of intersection of large subsets
is again large, in particular, any such finite intersection is non-empty. As
for the mid-size subsets, the result of their union or intersection between
themselves cannot be described in so straightforward way.

Problem 22. Let A be a mid-size subset, B is small S, midsize M or large
L, and � is one of the operations ∪ or ∩. Describe all six results of A�B: of
what type they could be and which outcomes are impossible. For instance,
the intersection X ∩M can be S or M , but cannot be L.

If A ⊂ X is a large subset defined by a logical formula α(x), A = {x ∈
X : α(x)}, then we say that the formula α holds for almost all elements of
X.

Example 21. Let us call the rational number p/q terrible, if it cannot be
stored, as a pair (p, q), in a 128-bit register of computer memory.

Then almost all integer or rational numbers are terrible.

Problem 23. Let X = A ∪B be an infinite set which is a dijoint union of
two subsets, A ∩ B = ∅. Prove that at most one of the sets can be small.
prove that at most one can be large.

3.5. Sequences: accumulation and stabilization.

Definition 2. A sequence (or, more precisely, a sequence of elements of
a set X) is a map (function) a : N → A. For historic reasons, instead of
writing a(n) for the image of an element n ∈ N, we write an ∈ A. For
historical reasons we use the notation {an}∞n=1 ⊆ A sometimes abbreviated
to an ∈ A or even to an (when there is no risk of confusing the sequence
with its element3) rather than a : N→ A. For historical reasons we refer to
elements of the domain set N in this case as indices.

Looking at the relative size of preimages of different elements, we can
classify the elements of A into three different types4:

• y ∈ A is a “sporadic value”, if the preimage a−1(y) ⊆ N is small (in
N), i.e., an = y only for finitely many indices;

3In the same way we write f(x) instead of the formal f : A → B when the domain and
range are clear from the context.

4These names are chosen to stress the pattern of behavior and do not constitute
accepted mathematical terms. Forget them when you are fluent enough with the
constructions.
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• y ∈ A is an “accumulation value”, if the preimage a−1(y) is a mid-
size or large subset of N;
• y ∈ A is a “stabilization value”, if a−1(y) is large in N.

The previous exercises with small, large and medium-size subsets imme-
diately translate into simple properties of different types of values.

Problem 24. Prove the following statements for an arbitrary sequence an ∈
A.

(1) There can be at most one stabilization value.
(2) Every stabilization value is an accumulation value.
(3) Accumulation values may be several.

Problem 25. Prove the following statements for an arbitrary sequence an ∈
A of elements of a finite set.

(1) There must be at least one accumulation value.
(2) If there is a unique accumulation value, then it must be a stabiliza-

tion value.

Problem 26. Construct examples of sequences an ∈ A in an infinite set A
such that:

(1) all elements of A are sporadic values;
(2) all elements of A are accumulation values.

These constructions can be easily modified to replace values by subsets
of A. Let, as before, a : N → A be a sequence and B ⊆ A a subset of the
target space. We say that:

(1) B is sporadic set for an, if a−1(B) is small in N;
(2) B is an an accumulation set for an, if a−1(B) is mid-size or large in

N;
(3) B is a stabilization set for an, if a−1(B) is a large subset.

By this definitions, B is sporadic if and only if ArB is stabilization set and
vice versa.

3.6. Subsequences, permutations and shuffles. If an ∈ A is a sequence
(considered as a map a : N → A) and I ⊆ N is an infinite subset of the set
of indices N. Then I is itself is equivalent to N (one can enumerate its
elements in, say, the increasing order), so the restriction of a on I can be
again considered as a sequence. If i : N → I is the isomorphism, then we
have the sequence b = a ◦ i, i.e., in the plain language, bn = ai(n). For
historical reasons we sometimes write bn = ain . For obvious reasons this
new sequence is called a subsequence of an.

The subset I can be either mid-size or large relative to N. Together
with the established properties of small/mid-size/large sets this gives us
elementary statements concerning subsequences.

Proposition 1. Any subset B sporadic for a sequence, is sporadic for any
its sequence.
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Any subset B which is a stabilization set for a sequence, is a stabilization
set for any its subsequence.

If B is an accumulation subset for a sequence, then one can construct
a subsequence for which B will be a stabilization set. Conversely, if B is
a stabilization set for some subsequence, then it must be an accumulation
subset for the initial sequence.

Problem 27. Prove these statements.

Let s : N→ N be a bijection (“infinite permutation”) of the natural raw.
This permutation can be pre-composed with any map a : N→ A, resulting in
a new sequence, which is obtained by permutation of members of the initial
sequence. We may ask how such permutation affects the above properties
of subsets of A (to be sporadic, accumulation or stabilization subsets). The
answer comes instantly and is trivial: since any permutation does not affect
the properties to be small, mid-sized and large in N (why?), it has no impact
on the properties of subsets of A. In other words, these properties do not
depend on the reordering of the elements of an.

Let now an and bn be two sequences with values in the sets A and B
respectively. Consider two different copies N′,N′′ of the set N (say, natural
numbers typeset in red and in blue) and their disjoint union N′ ∪ N′′ (red
and blue numbers are considered as different). The initial two maps can be
merged into a single map c : N′ ∪N′′ → A∪B, which coincides with a on N′
and with b on N′′.

Since the union N′ ∪N′′ is a countable set isomorphic to N (why?), there
exists a bijection s : N→ N′ ∪N′′ and one can form the sequence c ◦ s. Such
sequence is called a shuffle of two sequences: its members are members of
one or another sequence, in the order determined by the permutation s.

Problem 28. Formulate and prove statements on sporadic, accumulation
and stabilization values and subsets for shuffles of two sequences.

3.7. Tails. A special class of subsequences are tails, restrictions of a se-
quence a : N → A on the infinite (large) subsets of the form N + m =
{m+ 1,m+ 2,m+ 3, . . . }.
Proposition 2. An element y ∈ A is a stabilization value for a sequence
an ∈ A, if and only if this sequence has a tail which is a constant sequence
y, y, y, . . . .

Proof. This statement could be easily left as an exercise, but we give its proof as
an example of meticulous reasoning down to definitions.

If y ∈ A is a stabilization value, then a−1(y) is a large subset of N, hence (by
definition of large sets) its complement N r a−1(y) = {n ∈ N : a(n) 6= y} is finite.
Being finite, it has a maximal element m ∈ N: all elements of N r a−1(y) belong
to {1, 2, . . . ,m}. But then for all elements n = m + 1,m + 2,m + 3, . . . we have
a(n) = y, that is, the tail of the sequence a is a constant (sub)sequence.

Conversely, if the tail of an starting from some index m+ 1 stabilizes on a value
y ∈ A, then the preimage a−1(y) is a large set: its complement in N belongs to the
finite subset {1, . . . ,m} and hence is finite. �
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Later, when discussing limits of sequences, we will describe converging
sequences as almost stabilizing with any degree of accuracy.
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