
ANALYSIS FOR HIGH SCHOOL TEACHERS

PROBLEMS FOR THE TAKE-HOME EXAM

ROTHSCHILD–CAESARIA COURSE, 2011/2

Rules of the game

The following problems are suggested for the home exam, to be submitted
no later than by March 8, 2012. Almost each problem consists of several
subproblems, arranged in a specific order. This order is not accidental and
should be considered as an implicit hint: solutions of subsequent problems
are based on the preceding ones. Please take care to avoid the words “obvi-
ous”, “clearly” etc., use as few “plain” words as possible and instead write
the intermediate assertions in a closed and precise form using the quantifiers
and standard set theoretic notations.

The problems have different complexity: some are easier, some require
additional ideas, but none of them is “computational”: if your solutions in-
volves too many identical transformations and/or other computations, have
a second look, whether you indeed answer the question that was asked, or
something different.

To get the full score 100, it is not necessary to solve all problems and an-
swer all questions: the grade will be awarded based on your demonstrated
understanding of mathematics and not on your familiarity with some theo-
rems.

Don’t forget to consult the lecture notes: sometimes you may find useful
hints or examples there.

Good luck!

Date: February 5, 2012.
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Problem 1. Using only symbols N, Z, Q, the labels x, y, z, . . . , the signs for
inequalities and the quantifiers ∀ and ∃, write the following mathematical
claims.

(1) Each natural number has exactly one “nearest natural neighbor”
which is smaller than it.

(2) There exists a biggest natural number.
(3) There is no “nearest rational number” to any rational number.

Which of them are true?

Problem 2. Let A ⊆ [0, 1] ⊆ R be the set of real numbers whose decimal
record 0.d1d2d3 . . . , where di ∈ {0, 1, . . . , 8, 9}, i = 1, 2, . . . are decimal
digits, does not involve the digit 4: ∀i ∈ N, di 6= 4.

(1) Prove that this set does not contain any open interval (a, b), a < b;
(2) Prove that this set is “small”: for any ε > 0 it can be covered by

finitely many segments of total length less than ε.
Hint. Describe the set An of real numbers, whose decimal record

does not contain the digit 4 among the first n decimal digits.
(3) Prove that A is uncountable.

Problem 3. Consider the set of numbers Z[
√

5] of the form z = a + b
√

5,
a, b ∈ Z.

(1) Prove that Z[
√

5] is closed by the operations +,−,× and, therefore,
constitutes a commutative ring. Show that the representation in the
form a+ b

√
5 is unique.

(2) Give an example of the number z ∈ Z[
√

5] which is non-invertible,
that is, the equation zw = 1 has no solution in Z[

√
5]. Show that

division by a non-invertible number is impossible in Z[
√

5].

Define on Z[
√

5] the operation “conjugation”, z 7→ z̃ = a− b
√

5 and denote
by N(z) = zz̃ = a2 − 5b2 the “norm”. Note that this “norm” is never 0
unless z = 0, but may well be negative and is always integer, N(z) ∈ Z for
any z ∈ Z[

√
5]. These notions help to understand the reasons for (non)-

invertibility.

(3) Prove that N(zw) = N(z) · N(w) for any z, w ∈ Z[
√

5]. Hint. Use
the “conjugation”, not the explicit expression through a and b.

(4) Prove that an element z ∈ Z[
√

5] is invertible if and only if N(z) =
±1.

(5) Give an example of invertible element different from ±1.

The invertible numbers of Z[
√

5] are called “units” (not to be confused with 1,
the neutral element for multiplication). They will play the same role which the

“genuine units” ±1 play in the ring of integers Z: any number in Z[
√

5] is divisible
(without remainder) by any such “unit”. A number z is composite, if it factors as
a product, z = vw, with two non-“units”. A number is called “indecomposable”, if
it is not composite. Indecomposable numbers are the nearest analog (in Z[

√
5]) of

the prime numbers in Z.
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(6) Prove that any number in Z[
√

5] can be represented as a product of
indecomposable numbers.

(7) Prove that the integer number N(z) has remainder ±1 modulo 5.
Hint. What remainders may have squares a2 mod 5 for a ∈ Z?

(8) Prove that for a non-unit z 6= 0, |N(z)| > 4.
(9) Prove that any number z with 4 6 |N(z)| < 16 is indecomposable.

Hint. Assuming the opposite, what can be the smallest norm of its
divisor?

(10) Prove that the numbers±2 and±1±
√

5 are indecomposable (“prime”)
non-units.

(11) Show how the number 4 ∈ Z[
√

5] can be decomposed into two
“prime” factors by at least two different ways.

The central fact about the integer numbers is the uniqueness of the prime decom-
position: if z = p1 · · · pn = q1 . . . qm are two decompositions of the same number
into prime factors, then n = m and after eventual reordering of terms, qi = uipi
with some unit ui. This is called the Fundamental Theorem of Arithmetic.

We just constructed an example of a “number system” (commutative ring) in
which the prime decomposition is not unique (read the story about Lamé and his
erroneous “proof” of the Fermat last theorem in 1847).

Problem 4. Prove that the sets A = N+π, π ≈ 3.14159 . . . and B =
√
N =

{
√
n : n ∈ N} are disjoint, A ∩B = ∅, but the distance between these sets

infp∈A, q∈B |p− q| is equal to zero.

Problem 5. Let A ⊆ R2 be a bounded set of diameter

diamA = sup
p,q∈A

dist(p, q) < +∞.

Denote by A its closure (obtained by adjoining to A all its limit points) and
let D = {(p ∈ R2 : dist(p, 0) < 1} denote the open unit disk.

(1) Prove that diamA = diamA;
(2) Compute diam 1

2D = {12p : p ∈ D};
(3) Prove that for any bounded set C the diameter of the sumset A+C

satisfies the inequality diam(A+ C) 6 diamA+ diamC;
(4) Prove that the diameter of the specific sumset A + 1

2D is exactly

equal to diamA+ diam 1
2D.

Problem 6. Denote by ∂A the boundary of a planar set A ⊆ R2: by
definition, a ∈ ∂A if and only if any neighborhood of a contains points from
both A and the complement R2 rA.

(1) Show that A ∪ ∂A is a closed subset of R2;
(2) Show that Ar ∂A is an open subset of R2;
(3) Prove that if A is bounded, then diam(∂A) = diamA.

Problem 7. For each pair of sets below, give an example (or explain why
this such example does not exist) of (a) continuous injective map, (b) contin-
uous surjective map, (c) continuous bijective map with a continuous inverse:

http://en.wikipedia.org/wiki/Fundamental_theorem_of_arithmetic
http://en.wikipedia.org/wiki/Fermat%27s_Last_Theorem#Ernst_Kummer_and_the_theory_of_ideals
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(1) Open segment (0, 1) and closed segment [0, 2];
(2) Open segment and the whole real line R;
(3) Open segment (0, 2) and the union (0, 1) ∪ (1, 2);
(4) Open disk D = {x2 + y2 < 1} ⊂ R2 and open square I2 = {|x| <

1, |y| < 1};
(5) Closed disk D = {x2 + y2 6 1} and the union D ∪ (D + 1);
(6) Closed disk D and the union D ∪ (D + 2);
(7) Semi-closed segment (0, 1] and the circle D rD = {x2 + y2 = 1}.

Problem 8. Give an example of a function (say, on an open interval, f : I →
R) which is differentiable at all points of the interval, but the derivative f ′

is not continuous.

Problem 9. The logarithmic spiral is the curve which in the polar coordi-
nates (r, ϕ), r > 0, ϕ ∈ R+, is given by the equation

r = ae−bϕ, a, b > 0 (1)

with a, b real parameters (the angle ϕ is measured in radians). One “turn” of
the spiral is a piece between ϕ = 0 and ϕ = 2π, i.e., between two consecutive
intersections with the positive semiaxis {x > 0}.

Figure 1. Logarithmic spiral

(1) Prove that each “subsequent turn” of the logarithmic spiral is similar
(homothetic) to the preceding “turn” with the coefficient e−2πa.

(2) Prove that the length1 of each subsequent turn is e−2πa times the
length of the previous turn.

(3) Prove that length of the whole spiral is finite.

1The length of a parameterized curve t 7→
(
x(t), y(t)

)
, t ∈ [p, q] is the integral∫ q

p

√
v2(t) + w2(t) dt,

(
v(t), w(t)

)
=

d

dt

(
x(t), y(t)

)
,

of the Euclidean length of the velocity vector
(
v(t), w(t)

)
.
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Figure 2. Hyperbolic spiral

The hyperbolic spiral is defined by the equation r = 1/ϕ. Its part, corre-
sponding, say, to ϕ > 2π, can also be split into “turns” between consecutive
intersections with a given axis.

(4) Compare the length of each turn with the length of the circle passing
through the endpoint of this turn.

(5) Show that the hyperbolic spiral (corresponding to ϕ ∈ [2π,+∞))
has infinite length.

Problem 10. Construct a continuous function f : [0, 1]→ R, such that

max
x∈[0,1]

|f(x)| = 1,

∫ 1

0
|f(x)|dx < 1

1000
.


