
ANALYSIS FOR HIGH SCHOOL TEACHERS

LECTURE 8. INTEGRAL

ROTHSCHILD–CAESARIA COURSE, 2011/2

1. Motivations

1.1. Antiderivation: Mechanical motivations. In many physical and
geometrical applications one has to reconstruct a function of real variable,
knowing its derivative.

Example 1. The household electricity meter measures the current of the
chain. Given that the voltage is maintained constant at 220 V, the speed
of the rotating disk is proportional to the electricity power W (t), which is
the derivative (w.r.t. time) of the total electric energy consumption E(t):
E′(t) = W (t). Every two months we receive a bill which is proportional to
the total energy consumption during this two-months interval, E(t1)−E(t0).

The number E(t) shown by the meter, is (roughly) the number of turns
of the rotating disk in two months, thus the counter of the meter solves the
problem of recovering the value E(t) from the rotating speed W (t).

Example 2. The velocity meter of a car shows you the current velocity v(t)
of the car as you drive. If you are interested in the path (mileage) made
during your trip, you need to recover the difference s(t1) − s(t0), where
s′(t) = v(t) by “definition” of the velocity.

Note that this example ignores the direction of the motion: if x(t) is the
coordinate of your car (along a highway) at the moment t, then for any
round trip you have x(t1) = x(t0), where t0 is the moment of departure,
t1 the moment of arrival (both values correspond to your parking). Yet for
most of the time the velocity shown by the speed meter, is not the derivative
dx(t)
dt , but rather its absolute value!

1.2. Antiderivative: the formal definition. The above examples moti-
vate the following definition.

Definition 1. A function F : [a, b] → R is called antiderivative (or, more
traditionally, primitive) of a function f : [a, b] → R, if F is differentiable at
all points of [a, b] and dF

dx (s) = f(s) for any s ∈ [a, b].

Note that the antiderivative of a given function is not uniquely defined:
adding a constant does not affect the derivative. We will always bear in
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mind this non-uniqueness. On the other hand, this is the only freedom: any
two functions with the same derivative necessarily differ by a constant.

Problem 1. Prove that all solutions of the “differential equation” f ′ = 0
on [a, b] are constants.

We will denote provisionally by Pf the primitive of f : F = Pf ⇐⇒
F ′ = f on [a, b].

The “rules of the antiderivation” can be obtained by reading backwards
the rules of derivation:

(1) P(f + g) = Pf + Pg;
(2) P(λf) = λ ·Pf .

The basic list of primitives can also be achieved by “inverting” the table
of the derivatives:

(1) Integer power functions: (xn)′ = nxn−1, therefore

P(xm) =
1

m+ 1
xm+1.

This rule defines the primitive of any power xm except for m = −1:
the primitive P 1

x is not a power function.
(2) Elementary trigonometric functions: (sinx)′ = cosx, (cosx)′ =
− sinx, therefore

P(cosx) = sinx, P(sinx) = − cosx.

Unfortunately, the Leibniz rule (derivative of a product of two functions)
contains not one, but two terms in the answer: (f · g)′ = f ′ · g + f · g′.
Thus one can only expect to express the primitive of one of the terms. The
corresponding formula is known as the rule of integration by parts. Assume
that for one of the functions, say, f , the primitive F = Pf is known. Then
F ′ = f , and we can rewrite the Leibniz identity as fg = F ′g = (Fg)′ −Fg′.
Applying the “primitive”, we conclude that

P(f · g) = F · g −P(F · g′) = (Pf) · g −P
(
(Pf) · g′

)
. (1)

This rule can be applied to products of two functions fg, such that the
primitive of one of them F = Pf can be easily computed and for some
reasons the primitive of Fg′ is expected to be simpler than that of the
initial product fg.

Example 3. The most tempting case is when g(x) = x. In this case g′ = 1,
and the second integral is “not a product” anymore. For instance,

P(x sinx) = P(−x ·(cosx)′) = −x cosx+P(1 ·(cosx)) = −x cosx+sinx.

The answer can be verified by the direct computation:

(−x cosx+ sinx)′ = x sinx− cosx+ cosx = x sinx.

Of course, the cancellation of two terms in the answer is not accidental: it
was guaranteed by the “inverted Leibniz rule.
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The choice of which of the two functions integrate and which to differ-
entiate, is by no means automatic. Integrating x rather than sinx would
result in the identity

P(x sinx) = P(12x
2 · sinx) = 1

2x
2 sinx−P(12x

2 cosx).

The function 1
2x

2 cosx is more complicated than the initial function x sinx,
thus the computation apparently leads in the wrong direction. However,
since the primitive of x sinx was already computed, the last identity shows
how to compute the primitive of the function x2 cosx. Of course, this can
be achieved in a less accidental way by integrating by parts the functions
x2 sinx, x2 cosx as before and reducing the power of x from 2 to 1.

Iterating this process, one can theoretically compute the integrals of the
form xn sinx, xn cosx for any finite n.

However, it should be stressed most energetically: there is no “mechanical
way” of computing primitives. Unlike the derivative which for any elemen-
tary function can be explicitly computed (even symbolically by computers
instructed to deal with symbolic computations), the primitive often cannot
be computed in the class of elementary functions.

1.3. Area: Geometric motivation. The notion of area for planar sets
was known from the ancient times, but its accurate definition is not that
easy. We can try to do it axiomatically, by assuming that the area S(A)
is a number which can be defined for some subsets A ⊆ R2 subject to the
following rules.

(1) Nonnegativity : whenever S(A) is defined, it must be a nonnegative
number.

(2) Isometric invariance: if B is a set obtained from A by an isometric
transformation of the plane (keeping all lengths), then S(B) = S(A),
provided one of the areas is defined.

(3) Finite additivity : whenever A is a disjoint union of finitely many
subsets, A = A1t· · ·tAn, all of them with a well defined area, then
S(A) is also defined and equal to the sum S(A1) + · · ·+ S(An).

(4) Scale: the area of the rectangle [0, a] × [0, b] with a, b > 0, is equal
to ab.

These rules can be used to determine uniquely the area of triangles, par-
allelograms and in general all polygons (note that we will have to use the
fact that the area of a point or a line segment is zero by the last rule).

The area of a circle is the first case where these rules are insufficient, since
the circle cannot be split into finitely many polygonal parts. Archimedes, in
his treatment of the problem, avoided the crux by assuming that the area
exists. Then, constructing the inscribed and circumscribed polygons, he
could produce two-sided estimates for this area and “prove” that the area of
the circle is one-half its circumference times the radius. It should be noted
that the notion of the length of a “curve” has also to be defined by a series
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of axioms very much like the area, but the perimeter of the circumference
could not be computed this way.

Once the notion of limit is introduced, one can attempt to extend the
notion of the area for non-polygonal sets. It is based on the fact that if
A ⊆ B are two polygons, then S(A) 6 S(B). Indeed, in this case the
difference BrA is also a polygon and hence has a nonnegative area satisfying
the equality

S(A) + S(B rA) = S(B).

For a given set A, denote S−(A) ⊂ R+ the set of areas of all polygons
inscribed in A, and by S+(A) the set of areas of polygons P+ containing A:

S−(A) = {S(P−) : P− ⊆ A}, S+(A) = {S(P+) : A ⊆ P+}. (2)

Obviously, S−(A) 6 S+(A).

Definition 2. A set A ⊆ R2 is called measurable, if for any ε > 0 one can
construct two polygons, P− ⊆ P+ ⊂ R2 such that

P− ⊆ A ⊆ P+, and 0 6 S(P+)− S(P−) < ε.

In other words, A is measurable if there exists only one number S separating
the sets S−(A) 6 S+(A). This number is called the area of A.

Problem 2. Prove that the circle is measurable.

Example 4. The set of rational points of the square B = I
2 ∩ Q is not

measurable. Indeed, no open triangle can be inside B (any triangle contains
a small square around its gravity center, and such a square would necessarily
have points with irrational coordinates). Thus S−(B) = {0}. On the other

hand, one cannot remove from I
2

any open triangle without deleting some
rational points, thus S+(B) = [4,+∞). The gap between 0 and 4 cannot
be decreased.

Problem 3. Prove that the union and intersection of two (or finitely many)
measurable sets is again measurable.

Solution. Let P− ⊆ A ⊆ P+ and Q− ⊆ B ⊆ Q+ be the two sets with
their polygonal “approximations” from inside and outside respectively, with
the accuracy ε > 0 each. The union P+ ∪ Q+ is obviously a polygonal
approximation from outside for A∪B, and P−∪Q− an approximation from
inside. The difference between the respective areas has the area no greater
than 2ε (why?). A similar argument works for the intersection. �

Problem 4. Prove, using the construction from the Problem, that

S(A ∪B) = S(A) + S(B)− S(a ∩B).

By suitable surgery, one can hope to subdivide planar shapes bounded
by curvilinear arcs, into pieces with all but one “side” being orthogonal line
segments, very much like subgraphs of functions.
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Figure 1. Curved trapezoid Tb
af

Definition 3. A curved trapezoid defined by a nonnegative function f : [a, b]→
R, f > 0, is the subset of the plane R2 defined by the inequalities

Tb
af = {(x, y) ∈ R2 : a 6 x 6 b, 0 6 y 6 f(x)}. (3)

Note that together with the initial curved trapezoid, one can consider all
“smaller” trapezoids Tq

pf with arbitrary values of p, q satisfying the con-
straints a 6 p 6 q 6 b.

1.4. Definite integral: the area of a curved trapezoid. Our primary
goal would be to find conditions on the function f guaranteeing that the
trapezoids formed by this function, are measurable, that is, admit a certain
well defined area.

Definition 4. A (non-negative) function f : [a, b] → R+ is said to be inte-
grable on the segment [a, b], if the trapezoid Tb

af is measurable. In this case
the area S(Tb

af) is called the integral of the function along this segment and
denoted ∫ b

a
f(x) dx = S

(
Tb
af
)
. (4)

Example 5. Consider the Dirichlet function f : [0, 1] → R which is equal
to 0 for irrational values of the argument and 1 for rational ones.

The corresponding trapezoid is not measurable for the same reasons why
the set B from Example 4 is non-measurable.

Example 6. All constant functions are integrable: if f(x) ≡ c, then∫ b

a
c dx = c(b− a).

Obviously, all piecewise-linear functions are also integrable (the corre-
sponding “broken” trapezoid can be partitioned into genuine trapezoids).
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More complicated shapes (e.g., the parabola) should be analyzed using ap-
proximations.

Yet we may follow a simpler path by mimicking the definition of the area
directly for functions. The role of polygons will be relegated to piecewise-
constant functions.

1.5. Piecewise-constant functions and their integral.

Definition 5. A real function ϕ : [a, b]→ R is called piecewise-constant on
the segment [a, b], if there exists a finite number of points (“jump points”)
a = p0 < p1 < · · · < pn−1 < pn = b such that on each open segment
(pi, pi+1) the function is constant,

∀x ∈ (pi−1, pi) ⊆ [a, b] f(x) = ci ∈ R, i = 1, . . . , n.

The set of piecewise-constant functions (“ladders”) on [a, b] will be denoted
by PC[a, b].

Definition 6. The integral of a piecewise function as above is the real
number ∫ b

a
f(x) dx =

n∑
i=1

ci(pi − pi−1). (5)

Note that the value of the integral does not depend on the values of the
function f at the boundary points pi: they can be equal to ci, ci−1 or any
other number.

Problem 5. Prove that the set PC[a, b] is a linear space: the sum (differ-
ence) of a piecewise-constant functions is again piecewise-constant (and a
constant multiple also is).

Hint. The claim is obvious if the “jump points” for the two functions are
the same. Yet for any two functions, the set-theoretic union of their jump
points is the jump set for their sum or difference.

Problem 6. Prove that the integral is a “linear function” on the space
PC[a, b]: for any two functions ϕ,ψ ∈ PC[a, b] and any constant λ ∈ R,∫ b

a

(
ϕ(x)± ψ(x)

)
dx =

∫ b

a
ϕ(x)dx±

∫ b

a
ψ(x) dx,∫ b

a
λϕ(x) dx = λ

∫ b

a
ϕ(x) dx.

Hint. The sum (5) is linear in the “vector of values” c = (c0, . . . , cn) ∈ Rn.

In addition to the “linearity in ϕ”, the integral of a piecewise-constant
function is additive with respect to the segment of integration.

Problem 7. Let q ∈ [a, b] be a point on the segment, and ϕ ∈ PC[a, b].
Prove that the restriction of ϕ on each of the segments [a, q] and [q, b] is
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piecewise-constant and∫ b

a
ϕ(x) dx =

∫ q

a
ϕ(x) dx+

∫ b

q
ϕ(x) dx.

Solution. Geometrically this statement is almost obvious: if the point q
coincides with one of the jump points, then all terms in the sum (5) will
be divided between two groups representing integrals over the respective
segments.

In the case q falls inside one of the segments, say, q ∈ (pi−1, pi), then the
term ci(pi−pi−1) in the integral sum for [a, b] can be represented as the sum
ci(q − pi−1) + ci(pi − q). The first term occurs in the integral for [a, q] (as
the last contribution), the second is the beginning term for the integral over
[q, b].

Another solution is based on the algebraic trick. Consider the functions

χ1(x) =

{
1 if x < q,

0 if x > q,
χ2(x) =

{
0 if x < q,

1 if x > q

These two functions satisfy the identity χ1 + χ2 ≡ 1, besides, the product
χ1ϕ coincides with ϕ on [a, q) and is identically zero on (q, b], while the
product χ2ϕ is zero on [a, q) and equal to ϕ on (q, b]. Clearly, both products
belong to PC[a, b]. Computing the integrals, we conclude by linearity of the
integral that∫ b

a
ϕdx =

∫ b

a
ϕ(χ1+χ2) dx =

∫ b

a
ϕχ1 dx+

∫ b

a
ϕχ2 dx =

∫ q

a
ϕdx+

∫ b

q
ϕdx.

This shows that linearity of the integral is very closely related to its addi-
tivity as a function of the endpoints. �

1.6. Integrability of general functions.

Definition 7. For any function f : [a, b] → R we define the two number
sets,

S b
a (f−) =

{∫ b

a
ϕ−(x) dx : ϕ− ∈ PC[a, b], ϕ− 6 f} ⊆ R,

S b
a (f+) =

{∫ b

a
ϕ+(x) dx : ϕ+ ∈ PC[a, b], f 6 ϕ+

}
⊆ R,

as the integrals of all piecewise-constant functions which are less or equal to
f , resp., greater or equal to f everywhere on [a, b].

Obviously, if both ϕ± exist, then ϕ− 6 ϕ+ and hence S b
a (f−) 6 S b

a (f+).

Definition 8. A function is called integrable on [a, b], if the distance between
the sets S b

a (f−) and S b
a (f+) is zero, i.e., if for any ε > 0 one can find two

piecewise-constant functions ϕ±(x) : [a, b]→ R such that

ϕ−(x) 6 f(x) 6 ϕ+(x) on [a, b], 0 6
∫ b

a

(
ϕ+(x)− ϕ−(x)

)
dx < ε.
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The unique number separating the sets is called then the integral of f and

denoted
b∫
a
f(x) dx.

Remark 1. The sets S b
a (f±) may be empty if the function f is unbounded

on [a, b]. Indeed, in such case no piecewise-constant approximation from
above (below) is possible. Such functions are by definition non-integrable
(thus far).

The same refers to functions defined on the infinite segments with a = −∞
or b = +∞ (or both). In such case one may well have a nontrivial piecewise-
constant approximation, but the integral of the corresponding PC-functions
will be undefined (give examples).

Later we will explain how this problem can be circumvented via the notion
of improper integrals.

Problem 8. If f : [a, b] → R is integrable and bounded from two sides by
two constants, C− 6 f(x) 6 C+ for all x ∈ [a, b], then

C−(b− a) 6
∫ b

a
f(x) dx 6 C+(b− a).

Prove that.

Theorem 1. If f, g are two functions integrable on the segment [a, b], λ ∈ R
is a constant and q ∈ [a, b] an intermediate point, then∫ b

a

(
f(x)± g(x)

)
dx =

∫ b

a
f(x) dx±

∫ b

a
g(x) dx,∫ b

a
λf(x) dx = λ

∫ b

a
f(x) dx,∫ b

a
f(x) dx =

∫ q

a
f(x) dx+

∫ b

q
f(x) dx.

(6)

Proof. All these properties follow from the same argument: they are true
for any upper/lower PC-approximations for f and g as was established ear-
lier. Any integrable non-PC-function can be approximated (in the sense of
the integral) by a PC-function. The rest follows from the linearity of the
formulas (6). �

Theorem 2. Any monotonous function on a closed segment [a, b] is inte-
grable.

Proof. Let C = |f(b) − f(a)| < +∞ be the difference of the values of f
between the endpoints. Consider the partition of the segment [a, b] by n
endpoints equally spaced: pi − pi−1 = 1

n(b − a). Assume for simplicity
that f is monotonous non-decreasing, f(b) > f(a). Consider two functions
ϕ± ∈ PC[a, b]:

ϕ−(x) = f(pi−1) ∈ R, ϕ+(x) = f(pi) ∈ R for x ∈ (pi−1, pi).
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Because of the monotonicity, on the interval (pi−1, pi) we have the two-sided
inequality, ϕ− 6 f 6 ϕ+. Since i is arbitrary, the two functions squeeze f
between them on the whole of [a, b].

The difference between integrals of ϕ− and ϕ+ can be easily computed:∫ b

a
ϕ+ dx−

∫ b

a
ϕ− dx =

n∑
i=1

[
f(pi)(pi − pi−1)− f(pi−1)(pi − pi−1)

]
=
b− a
n
·
n∑
i=1

(
f(pi)− f(pi−1)

)
=
C(b− a)

n
.

Both C and b − a are positive constants, so when n → ∞, the difference
between the integrals tends to zero and hence becomes less than any given
ε > 0. �

Corollary 3. Any polynomial is integrable on any finite segment.

Proof. Any polynomial has only finitely many intervals of monotonicity, de-
termined by the roots of its derivative. �

The same applies, of course, to the trigonometric functions sin kx, cos kx
and (by linearity) to their linear combinations.

1.7. Integrability of continuous functions. To be integrable, a function
f : [a, b] defined on a finite segment, has to admit upper and lower approxi-
mations by PC-functions ϕ± : [a, b] → R with the integrals differing by less
than any preassigned value ε > 0. Without loss of generality one may as-
sume (why?) that these functions share the common (finite) jump set. In
this case one can replace proximity of the integrals by the uniform proximity
of the functions. The following inequality is obvious.

Lemma 4. Assume that two functions ϕ± satisfy the inequality

0 6 max
x∈[a,b]

(ϕ+(x)− ϕ−(x)) 6 ε

(note that each function takes only finitely many values, so that the maxi-
mum is chosen out of finitely many numbers). Then∫ b

a
ϕ+(x) dx−

∫ b

a
ϕ−(x) dx 6 (b− a)ε.

It implies, however, that a function continuous on a finite segment, is
integrable.

Lemma 5. Let f : [a, b]→ R be a function continuous on a finite segment.
Then for any ε > 0 one can subdivide [a, b] by finitely many points a = p0 <
p1 < · · · < pn−1 < pn = b in such a way that on each segment [pi−1, pi] the
spread of values of f is less than ε:

0 6 max
x∈[pi−1,pi]

f(x)− min
x∈[pi−1,pi]

f(x) 6 ε.
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This assertion is known as the uniform continuity of continuous functions
on the segment, and it is a consequence of the compactness of the segment
[a, b].

Proof. The shortest proof uses the topological compactness of the segment, see
Lecture 5. By continuity, for any point p ∈ [a, b] there exists an open interval
Up containing p such that the spread of values of f on Up is less than ε. The
union of the open sets is a covering (infinite, even non-countable) of [a, b], yet by
compactness, one can always choose a finite subcovering.

Now it remains to choose the points pi in such a way that any two consequent
points belong to the same open interval Up.

However, we did not prove this form of the compactness, hence have to work
around this solution.

We prove that for any ε > 0 there exists a distance δ > 0 such that for any two
points x, y ∈ [a, b] on the distance less than δ, |x−y| < δ, the difference |f(x)−f(y)|
will be less than ε regardless of where these points are on the segment. Then to
prove the Lemma it would be sufficient to subdivide the segment [a, b] by equally
spaced points with distance δ

2 between them.
To prove this claim, assume the contrary, that for some given positive r > 0

there exists a pair of points xn, yn ∈ [a, b] such that, say, |xn − yn| < 1
n and

|f(xn)−f(yn)| > r > 0. The sequence {xn} must contain a subsequence converging
to a point p ∈ [a, b]. The corresponding subsequence {yn} also must converge to this
point, in particular, any open neighborhood containing p, will contain also infinitely
many pairs (xn, yn) from our sequences. But f must be continuous at p, hence on
a sufficiently small interval containing p the difference must be smaller than any
specified number, |f(x)−f(y)| 6 |f(x)−f(p)|+ |f(y−f(p)| < 2ε. Choosing ε < r

2 ,
we arrive to the contradiction. �

As a corollary we conclude with the simple but powerful theorem.

Theorem 6. A function continuous on a closed finite interval, is integrable
on this interval. �

Clearly, a piecewise continuous function (whose graph consists of finitely
many continuous pieces) will also be integrable. Indeed, on each such seg-
ment the function is integrable. It remains to refer to Theorem 1.

Problem 9. Give an accurate definition of piecewise continuity so that the
previous assertion indeed becomes true.

Problem 10. Prove that the Riemann function from Lecture 6 is integrable
and its integral is equal to 0.

Hint. Changing the function at any finite number of points does not affect
neither the integrability, nor the value of the integral.

2. Newton–Leibniz formula: area as antiderivative

Direct computation of integrals is rarely practical. For instance, to cal-

culate the integral
∫ b
a x dx, 0 < a < b, one can subdivide the segment by

equidistant points spaced at (b − a)/n for a large n: then the values of
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the lower (resp., upper) PC-approximations will be arithmetic progressions
with the step 1/n the initial values a (resp., a+ 1/n). Using the summation
formula for the progressions, one can pass to limit n → ∞ and obtain the
value of the integral. (The answer is obviously b+a

2 (b − a) = 1
2(b2 − a2) by

the formula for the trapezoid area).
The practical way is based on the following result which is sometimes

called the Principal Theorem of Calculus. It describes the value of the
integral of a continuous function f : [a, b]→ R with a variable (upper) limit
of integration, as a function of this limit.

Let F : [a, b]→ R be the function defined by the integral,

F (z) =

∫ z

a
f(x) dx, a 6 z 6 b. (7)

By definition, F (a) = 0 and F (b) is the integral of f over [a, b].

Theorem 7 (Newton–Leibniz theorem). If the function f is continuous on
[a, b], then the function F defined by (7) is differentiable everywhere on this
segment, and its derivative coincides with f :

dF

dz
(s) = f(s), ∀s ∈ [a, b]. (8)

Proof. Consider let s, z ∈ [a, b] be two distinct points; we consider s as fixed
(“frozen”) and z as variable. Then the difference

F (z)− F (s)

z − s
=

1

z − s

∫ z

s
f(x) dx (9)

is contained between min
x∈[s,z]

f(x) and max
x∈[s,z]

f(x) (cf. with Problem 8). Be-

cause of the continuity of f at s, the two bounds converge to the common
limit f(s) = lim

z→s
f(z). Therefore the ratio (9) converges to the same limit

f(s). By definition, this means that F is differentiable at s and its derivative
is exactly f(s). �

Remark 2. If the function f is not continuous (e.g., the piecewise constant func-
tion which was the paradigm for the definition of the integral), the corresponding
function F (z) will be piecewise-linear and continuous, but non-differentiable at the
jump points (consider the function f(x) = sign(x)).

On the other hand, in order to be integrable, f must be bounded in the absolute
value, |f(x)| < C for all x ∈ [a, b] (otherwise no upper/lower approximation by
PC-functions is possible). In this case the difference |F (z)− F (s)| does not exceed
C|z − s| and hence tends to zero as z → s, so the function F is always continuous.

The exact conditions for integrability of functions and the corresponding regu-
larity of the integral with a variable upper limit go beyond the scope of these lecture
notes.

In other words, if instead of a single number which is the integral of a
function over a given segment, we consider all intermediate integrals, then
the result would be the antiderivative of the integrand. With a large table of
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primitives (cf. with §1.2), we have a large number of examples of geometric
shapes with known areas.

Conversely, sometimes simple geometric considerations allow to compute
primitives of apparently involved functions.

Example 7. Consider the primitive

F (x) =

∫ x

0

√
1− z2 dz,

which is the area of the quarter-circle between the lines x = 0 and x = z.
The polar angle of the point P = (z,

√
1− z2) is α = arccos z, and the

area of the belt is the sum of the area of the triangle OPZ, Z = (z, 0),

equal to 1
2z
√

1− z2, and that of the sector OPB, B = (0, 1), equal to
1
2π (π2 − arccos z) = 1

4 −
arccos z

2π . Ignoring the constant, we conclude that

P(
√

1− z2) = 1
2z
√

1− z2 − 1

2π
arccos z.

However, there is a number of examples where the primitive function
in general cannot be computed, yet some of its values (corresponding to
particular choice of the curved trapezoids) admit explicit expression.

Example 8. The most important example is the probability integral. The

primitive of the function e−x
2

does not exist in the class of elementary func-
tions (this is a mathematical fact that can be proved, not just the result of
unsuccessful attempts to find it). However, this function is very important
for applications and is tabulated (numerically computed) with any neces-
sary precision. Many properties of this function, starting from the obvious
monotonicity to some specific values, can be established by different meth-
ods.

For instance, the difference which involves the mysterious numbers e, π
and ∞ and takes the form of the identity

lim
x→+∞

P(e−x
2
)− lim

x→−∞
P(e−x

2
) =

∫ +∞

−∞
e−x

2
dx =

√
π.

3. Non-algebraic primitives: logarithmic function

As was already noted, the primitive of the rational function f(x) = 1
x

does not exist in the class of rational functions. However, this function
is integrable on any finite segment not connecting the origin x = 0, thus
we know that the primitive exists and is differentiable on, say, the positive
semiaxis {x > 0}. We will study the properties of this function, starting
from its definition. As before, we introduce a temporary notation in order
to avoid using unproven facts.
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3.1. Elementary properties.

Definition 9. Denote by ` the following function,

`(x) =

∫ x

1

1

z
dz =

∫ x

1

dz

z
, x > 0. (10)

Problem 11. Explain why ` is a monotonous strictly increasing everywhere
differentiable function on the positive semiaxis.

Problem 12. Prove that the derivative `′(1) is equal to 1.

Proposition 8. The function ` is unbounded from above.

Proof. Consider the piecewise-constant function ϕ−(x) defined for x > 1 as
follows:

ϕ−(x) =



1
2 , 1 6 x < 2,
1
4 , 2 6 x < 4,
1
8 , 4 6 x < 8,
1
16 , 8 6 x < 16,

. . . . . .

By construction, ϕ−(x) 6 1
x , and the integral of ϕ− from 1 to z = 2n (for

an integer value of n) is equal to

1

2
(2− 1) +

1

4
(4− 2) + · · ·+ 1

2n
(2n − 2n−1) =

1

2
+

1

2
+ · · ·+ 1

2
=
n

2
.

We conclude that
`(2n) > 1

2n. (11)

The right hand side is unbounded as n → ∞, thus the function ` is also
unbounded. �

Remark 3. Since f(x) = 1
x is monotonous, we can together with the lower

bound (11) construct the upper bound for it: one can immediately check
that the function ϕ+(x) = 2ϕ−(x) is piecewise-constant and serves an upper
bound for f . This allows to conclude immediately with the second inequality,

`(2n) 6 n. (12)

This rough estimate suggests why the primitive `(x) cannot be a rational
function: any (positive) power of x would grow much faster than `. Indeed,
the power function xα at the point x = 2n will be equal to 2αn = qn, q >
1. Obviously, any such geometric progression will overgrow the arithmetic
progression n.

Problem 13. Consider the piecewise-constant function h, defined by the
condition that h(x) = 1

n for n 6 x < n+1, n = 1, 2, . . . . Show that h(x) > 1
x

and the integral of h from 1 to n is the partial sum of the so called harmonic
series, ∫ n

1
h(x) dx = 1 + 1

2 + 1
3 + · · ·+ 1

n .
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Prove that the series diverges, moreover, that

1 + 1
2 + 1

3 + · · ·+ 1
n = `(n) + cn,

where cn is the “error term” which is bounded, 0 < cn < 1.

Remark 4. One can show that the error terms cn in fact converge to a cer-
tain limit value, called the Euler constant γ. This real number, somewhere
between 0 and 1, can be easily computed with any accuracy,

γ = 0.57721566490153286060651209008240243104215933593992 . . . ,

but remains completely mysterious. It is even not known, whether γ is
rational or not.

Problem 14. The function `(x) is unbounded from below.

Hint. The graph of the hyperbole y = 1
x is symmetric by the reflection in

the diagonal y = x. The curved trapezoid T2n
1 ( 1x) will be mapped by this

reflection into the shape which, after adding to it the unit square {0 < x, y <
1} would be the union of the rectangle Π = {0 < x < 2−n, 1 < y < 2n} and
the trapezoid T1

2−n( 1x).
In fact, a simpler solution will be obtained later. �

3.2. Functional equation for `. Let λ > 0 be a positive number. Consider
the linear transformation of the plane, defined by the formulas(

x
y

)
7→
(
λx
λ−1y

)
. (13)

Such transformation for some reasons is called hyperbolic rotation. Note
that it preserves each coordinate axis, and (assuming λ > 1) stretches the
x-direction, at the same time contracting the y-direction by the same factor.

Proposition 9. The hyperbolic rotation transforms the graph of any piecewise-
constant function into that of another piecewise-constant function, defined
on a different segment.

However, the integrals of these piecewise constant functions over the cor-
responding segments, remain the same.

Proof. Geometrically this statement is evident. If a piecewise-constant func-
tion ϕ takes some value c on a segment a < x < b, then application of the
hyperbolic rotation transforms the graph of this function into that which
takes the value λ−1c on the segment λa < x < λb. The areas of the two
rectangles, c(b− a) and λ−1c · (λb− λa), coincide. �

Theorem 10. The function ` satisfies the following functional equation:
for any positive values z, λ > 0,

`(λz) = `(λ) + `(z). (14)

http://en.wikipedia.org/wiki/Euler%E2%80%93Mascheroni_constant
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Proof. Without loss of generality we may assume that 1 < λ < z < λz. The
hyperbolic rotation by λ transforms the curvilinear trapezoid Tz

1(
1
x) into the

trapezoid Tλz
λ ( 1x), so that ∫ z

1

dx

x
=

∫ λz

λ

dx

x
.

On the other hand, the integral of 1
x between 1 and λz is the sum of the two

integrals over the segments [1, λ] and [λ, λz] respectively:

`(λz) =

∫ λz

1

dx

x
=

∫ λ

1

dx

x
+

∫ λz

λ

dx

x
=

∫ λ

1

dx

x
+

∫ z

1

dx

x
= `(λ) + `(z).

The case when both 0 < λ, z < 1 can be treated similarly. �

Problem 15. Prove the theorem in the case where 0 < z < 1 < λ.

Corollary 11. The function ` is unbounded from below.

Proof. By the functional equation, `(1/x) = `(1) − `(x) = −`(x), so while
`(x) grows without any bound for large positive x, it decreases into large
negative numbers as x→ 0+. �

The functional equation also shows that `(2n) = `(2) · n. The previous
estimates show that the number `(2) is between 1

2 and 1. Moreover, using
the equation, we may conclude that for any rational α = p

q ∈ Q,

`(2α) = `(2) · α, α =
p

q
∈ Q. (15)

Indeed, by definition, 2α is the root of degree q of 2p, that is, (2α)q = 2p.
Applying the function ` to both parts of this equation, we conclude that
q`(2α) = p`(2).

Note that the right hand side of the equation (15) makes sense for all
values of α ∈ R, not just for rational numbers (although we do not know yet
the nature of the constant `(2)). This can be used to define the meaning
of the expression 2α for irrational α by inverting the function `. We will do
that now in detail.

Remark 5. The function ` transforms the multiplication (which is much
more “tedious” computation, if we think about multiplication of decimal
fractions with many digits) into the addition, which is fairly simple and can
be done mechanically, using two sliding marked rulers.

This property was the primary reason why discovery of this function in
1614 by John Napier was so appreciated by all who had to routinely perform
calculations (sea navigators, astronomers, cartographers etc.).

3.3. Inverse function `−1. As we had proved, the function ` : R1
+ → R

is monotone growing from −∞ for x → 0+ to +∞ as x → ∞. Because it
is also continuous (even differentiable) and its derivative is positive, there
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exists an inverse function which maps R1 to R1
+ inverse to `. Denoting (again

provisionally) this function by E, we by definition have

E(`(x)) = x ∀x > 0, `(E(y)) = y ∀y ∈ R. (16)

Theorem 12. The function E satisfies the functional equation

E(x+ y) = E(x) · E(y) ∀x, y ∈ R. (17)

Proof. Applying E to both sides of the equation (14), we see that λz =
E(`(λz)) = E(`(λ) + `(z)). Denote `(λ) by x and `(z) by y: then E(x) = λ
and E(y) = z, and we obtain (17) for any two numbers x, y in the range of
`, which, as we know, coincides with R. �

Corollary 13. The values of the function E at the integer points form
geometric progression,

E(n) = E(1 + · · ·+ 1) = E(1) · · ·E(1) = E(1)n, n ∈ Z.

The denominator of this progression is some positive number e = E(1)
greater than 1: it is defined by the condition that `(e) = 1.

More generally, E(pq ) = q
√
ep = ep/q for all rational numbers p/q.

Problem 16. Prove that e > 2.

The functional equation (17) for the function E implies a very useful
differential equation which relates the values of E and its derivative E′ at all
points (recall that the differentiability of E follows from the differentiability
of `)).

First, we note `(1) = 0 and E(0) = 1. By the chain rule, `′(1) ·E′(0) = 1,
so by Problem 12,

E′(0) =
dE

dx
(0) = 1. (18)

Theorem 14. The function E(x) satisfies the differential equation E′ = E,
that is, the derivative of E identically coincides with itself.

Proof.

E′(a) = lim
h→0

E(a+ h)− E(a)

h
= E(a) lim

h→0

E(h)− 1

h
= E(a) · E′(0) = E(a).

�

3.4. Another Euler number. The number e = E(1), the root of the
equation `(e) = 1, is quite remarkable and is worth studying better.

Example 9. By the multiplicative property,

e = E(1) =
(
E( 1

n)
)n
, ∀n ∈ N.

On the other hand, since h = 1
n → 0 as n → +∞, we can expect that

E(h) = E(0) + E′(0)h + · · · , where the dots determine the terms smaller
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compared to h. Substituting the value E(0) = E′(0) = 1, we conclude that
for any value of n one can represent e as the power,

e = (1 + 1
n + cn

n )n, where cn → 0 as n→ 0.

If we drop away the “error” replacing cn by 0 in this expression, then the
right hand side will start depending on n explicitly, yet one can hope that
in the limit, as n→∞, the equality will be restored:

en = (1 + 1
n)n → e as n→∞. (19)

This is indeed the case: the above limit exists and
∫ e
1

dx
x = 1.

Remark 6. This convergence of the numbers en to e can be visualized by
the following “approximate solution” of the differential equation x′(t) = x(t)
on the segment t ∈ [0, 1] with the initial value x(0) = 1 considered as the
law of motion of a car.

Let us split the (time) interval [0, 1] into small units of length h = 1
n each.

At the moment t = 0 the velocity of the motion is 1, so after the short time
h the constant speed motion will bring the car from x0 = 0 to x1 = 1 + h.
At this point the velocity changes to the value v1 = x′(1 + h) = 1 + h,
and the point will move into the position x2(1 + h)2. Moving with the
constant velocity v2 = (1 +h)2 for the time h will bring the car to the point
x3 = (1 + h)3, etc.

Indeed, if xk = (1 + h)k and vk = (1 + h)k, then

xk+1 = xk + vk · h = (1 + h)k + h(1 + h)k = (1 + h)k+1.

After n such steps the car will arrive at the point en = (1 + h)n, h = 1
n .

The piecewise-constant-velocity motion hopefully approximates the “gen-
uine” motion when the velocity changes not at the specified moments of
time tk = 1 + k

n , but continuously.
However, there is another way to approximate the variable velocity mo-

tion, based on iterated computation of the primitives. The differential equa-
tion

dx

dt
(t) = x(t), x(0) = 1,

can be integrated:

x(t) = x(0) +

∫ t

0
x′(s) ds = 1 +

∫ t

0
x(s) ds. (20)

Instead of trying to approximate the single value e = x(1), we may try to
approximate “by trial and error” the entire solution x(t) on t ∈ [0, 1]. As
the “initial approximation” we choose x(t) = f0(t) ≡ 1, corresponding to
the stationary motion. Substituting this approximation to the right hand
side of (20), we obtain the first approximation

f1(t) = 1 +

∫ 5

0
1 ds = 1 + t.
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This corresponds to the uniform motion with the constant velocity. We
continue:

f2(t) = 1 +

∫ t

0
f1(s) ds = 1 +

∫ t

0
(1 + s) ds = 1 + t+ 1

2 t
2.

This sequence of approximations can be easily continued:

f3(t) = 1 +

∫ t

0
f2(s) ds = 1 +

∫ t

0
(1 + s+ 1

2s
2) ds = 1 + 1

1 t+ 1
1·2 t

2 + 1
1·2·3 t

3,

and, by induction,

fn(t) = 1 +

∫ t

0
fn−1(s) ds = 1 +

1

1!
t+

1

2!
t2 + · · ·+ 1

n!
tn.

Since the values of the factorial grow very fast, this sequence turns out to
be converging very fast for all values of t, in particular, for t = 1:

e = lim
n→∞

1 +
1

1!
+

1

2!
+ · · ·+ 1

n!
. (21)

One can compare numerically the rate of convergence of the two sequences to
the same limit: the “infinite sum” converges much faster than the “infinite
product” (19).

The limit, called the Euler number,

e = 2.71828182845904523536028747135266249775724709369995 . . .

can be relatively easily shown to be an irrational number, and is competing
with the number π for the title of the most ubiquitous number in the entire
mathematics.

3.5. Restoring the traditional notation. Now we can restore the tra-
ditional notation. The function E(x) coincides with the function ex for all
rational values of x = p

q , as follows from Corollary 13. Thus E(x), from the

outset defined for all real values x, can be considered as the definition of
the exponential function ex for irrational x. Sometimes the notation expx
is used instead of ex.

The inverse function `(x) is called the natural logarithm of x and denoted
lnx (sometimes log x).

One can ask slightly more general question: given a positive number a,
can one find a function A(x) defined for all values of x ∈ R and such that
for the natural values x = n it will coincide with the geometric progression,
A(n) = an.

Such problem can be easily reduced to the previous one. Let λ = ln a ∈ R
be the logarithm: by definition, this means that eλ = a. One can easily
verify that the function A(x) = E(λx) = eλx = exp(λx) will solve the
problem:

e(ln a)x = ax ∀x ∈ Q.
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The inverse function A−1, is called the logarithm of x at the base a > 0,
and denoted loga x. By definition,

loga(a
x) = x ∀x ∈ R, aloga x = x ∀x > 0.

However, except for the special case a = 2 which has a natural special
importance for the Computer Science with its binary arithmetic, logarithms
at non-normal base should be avoided as much as possible. The logarithms
at the base a = 10, once popular because of the decimal notation and
practical human computations, now lose their importance. All the way
around, the base e = 2.718 . . . is most natural for mathematical and physical
deliberations.
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