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LECTURE 6. CONTINUOUS FUNCTIONS AND BASIC

TOPOLOGICAL NOTIONS

ROTHSCHILD–CAESARIA COURSE, 2011/2

1. The idea of approximation revisited

When discussing the notion of the limit of a numeric sequence {ak}k∈N,
we noted that the formal equality lim an = a ∈ R means that the members
of sequence an with large numbers approximate the limit value a with any
pre-assigned accuracy ε: any open interval a + εI contains all members of
the sequence, with at most finitely many exceptions.

The (non)existence of the limit is the property of the tails of the sequence:
it cannot be changed by any manipulation (change, addition, deletion) with
finitely many terms of this sequence.

Now we want to reverse the point of view and say that the {ak} converges
if and only if the “constant sequence” {a′k = a} (trivially converging to the
same value a) sufficiently well approximates the initial sequence. Clearly,
these “constant approximation sequences” track arithmetic properties of the
sequences, order between their members etc.

However, the choice of the “constant approximating sequences” is not the
only one possible: we may consider some other simply described sequences
(“standard”) as the yardstick and see what can be said about the sequences
which admit approximation by the standard sequences.

However, this idea gets its full development only when studying functions
of one (and several) real variables. On this way we immediately obtain
several very important classes of functions:

• continuous functions which admit local approximation by constants;
• differential functions which admit local approximation by linear (more

precisely, affine) functions;
• Cr-finitely differentiable functions which admit local approximation

by polynomials of a given degree r ∈ N;
• (real) analytic functions which admit local approximation by poly-

nomials of any degree.

In this lecture we will concentrate on the notion of continuity of func-
tions and (elementary) properties of sets which are preserved by continuous
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functions. The branch of mathematics dealing with these notions, is called
topology.

2. Continuity of functions of real variable

Let A ⊆ R be a subset of the real line, f : A → R a function defined on
A (i.e., with the domain including A) and a ∈ R a point (not necessarily
belonging to A).

Definition 1. We say that the function f admits a local approximation at a
by a constant c ∈ R, if for any specified accuracy ε > 0 one can find a small
(non-empty open) neighborhood a + δI, δ > 0, such that the restriction of
f on this neighborhood is ε-constant: f(a+ δI) ⊆ c+ εI.

This definition depends not only on the function f , but also on the point
a, in particular, on the mutual position of a and the domain A of f .

Example 1. Assume that a /∈ A and, moreover, dist(a,A) = δ∗ > 0. Then
a small enough neighborhood a + δI of a, δ < δ∗, is completely out of the
domain of f , so that f(a + δI) = ∅ is subset of any interval, thus any
constant c is a local approximation of f at a. This is a stupid case which is
of no interest to anybody. Thus we will always disregard such points.

The case where a ∈ A is an isolated point of A, i.e., dist(a,Ara) = δ∗ > 0,
is only slightly more interesting. In this case A∩{a+ δI} = {a}, and hence
the image f(a + δI) = {f(a)} consists of a single point c = f(a). Clearly,
this very constant approximates our function with any accuracy. This case
is also dull: we do not see any reason to study approximation of a function
at an isolated point of its domain.

Problem 1. Assume that a ∈ A and f admits a local approximation by
some constant. Prove that this constant must necessarily be equal to the
value of the function: c = f(a).

Definition 2. Let f : A → R be a function and a ∈ A a point in its
domain. The function is called continuous at the point a, if it admits a
local approximation by the constant c = f(a).

The function is continuous on a subset B ⊂ A, if it is continuous at every
point a ∈ B. The function is continuous (without specification), if it is
continuous on its entire domain A.

Example 2. Expanding the definition of continuity, we see that f is con-
tinuous in a ∈ A, if for any precision threshold ε > 0 one can find a small
neighborhood a+ δI, δ > 0, such that f(a+ δI) ⊆ f(a) + εI.

Alternatively, the last condition can be reformulated in terms of the
preimages: for any precision level ε > 0 the preimage f−1

(
f(a) + εI

)
con-

tains some open neighborhood (a+ δI) ∩A.
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Finally, expanding the constants in the inequalities defining the setsums,
we arrive at the following “standard epsilon-delta definition”: f is continu-
ous at a point a ∈ A, if

∀ε > 0 ∃δ > 0 : ∀x ∈ A |x− a| < δ =⇒ |f(x)− f(a)| < ε.

2.1. Continuity and sequential limits. Consider the following very spe-
cial domain R ⊃ A = {1/n}n∈N ∪ {0} = 1/N. Then any function f : A→ R
can be identified with the sequence of its values fk = f( 1k ), k ∈ N, and the
value at the exceptional point, f∗ = f(0). The set A consists of infinitely
many isolated points an, which accumulate to the point a∗ = 0. Thus the
only meaningful question about continuity of a function f is that about its
continuity at the point a∗ = 0.

Problem 2. Prove that f : 1/N → R is continuous at 0 if and only if
f∗ = lim fk.

In fact, this observation is a particular case of the more general statement.

Theorem 1. A function f : A→ R is continuous at a point a∗ ∈ A, if and
only if for any sequence of points {ak}k∈N ⊆ A converging to a∗, the corre-
sponding sequence of values of the function fk = f(ak), k ∈ N, converges to
f∗ = f(a∗).

Proof. In one direction the proof is straightforward. If lim ak = a∗ and f is
continuous in a∗, then for any required precision ε > 0 there exists a small
neighborhood U = a∗ + δI, δ > 0, such that f(U) ⊆ f(a∗) + εI. But since
the sequence ak converges to a∗, all its members (with a possible exception of
finitely many) belongs to this neighborhood, which means that fk ∈ f∗+ εI
for all k starting from some step. Since ε > 0 is arbitrary, this proves the
convergence of fk.

In the opposite direction the arguments go almost as easily. Indeed, if
f is not continuous in a∗, then the constant f∗ = f(a∗) is not a good
approximation for f beyond a certain critical level of accuracy ε∗ > 0: no
matter how small is the neighborhood a∗ + δI, there exist a point a(δ) in
it, such that f(aδ) /∈ f∗ + ε∗I. This point cannot coincide with a∗ (why?).
Let δk = 1

k and consider the sequence ak = a(δk) chosen as before. By

construction, |ak − a∗| < 1
k , so lim ak = a∗, and f(ak) = fk /∈ f∗ + ε∗I. We

constructed thus a sequence of points ak, lim ak = a∗, such that all their
values are outside the interval f∗+ε∗I, so the limit (if even it exists) cannot
be equal to f∗, in contradiction with our assumption on f . �

Problem 3. Reformulate the assertion of Theorem 1 for the particular case
when a∗ is an isolated point of A.

Theorem 1 provides us with a tool for testing continuity of various func-
tions. In turn, this theorem itself is a particular case of a more general result
on composition of continuous functions.
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Theorem 2. Let f : A→ R and g : B → R are two functions for which the
composition h = g ◦ f is well formed, that is, f(A) ⊆ B. Assume that f is
continuous at a point a ∈ A and g is continuous at the point b = f(a).

Then h is continuous at a.

Proof. The proof is shorter than the formulation. Denote c = g(b). Then
for any ε > 0 there exists δ > 0 such that g(b+δI) ⊆ c+εI by continuity of
g, and for this value of δ there exists a positive ρ > 0 such that f(a+ ρI) ⊆
b+ δI. Therefore h(a+ρI) ⊆ c+εI, and since ε > 0 is arbitrary, we proved
that h is continuous. �

2.2. Limit of a function at a point. Note that till now we did not define
the notion of the limit of a function at a point. This can be corrected now
very easily.

Definition 3. Let f : A → R be a function and a ∈ R a point at the zero
distance from A r a. We say that a real number c ∈ R is the limit of the
function f at a and write limx→a f(x) = c, if the function f◦ obtained by
the rule, {

f◦(x) = f(x) if x ∈ Ar a,

f◦(x) = c if x = a.

is continuous at a in the sense of Definition 2.

In other words, a function is said to have a limit at a point a, if it can be
(re)defined to become continuous. In practice the notion of limit is used to
extend the domain of a function to include points at which it was initially
undefined.

Example 3. The rational function f(x) = x2−9
x−3 is defined on the set A =

R r {3}, yet coincides on this set with the function f◦(x) = x + 3 whose
domain is the entire line R. One can immediately see that this function
is continuous at every point, including the point x = 3. Thus the limit
limx→3 f(x) = 3. The limit at any other point a is simply f(a).

Example 4. The function f(x) = sinx
x is defined for x 6= 0, and satisfies

the inequalities sinx < x < tanx for x ∈ (0, π2 ). Therefore

1 <
x

sinx
<

1

cosx
, 0 < x <

π

2
.

The functions 1 (constant) and 1
cosx are continuous at the origin (quite

obviously) and their values coincide. Therefore the function

f◦(x) =

{
x

sinx if x ∈ (0, π2 ),

1 if x = 0,

defined on [0, π2 ), is continuous at the origin. Since f◦ is even, it is continuous

on (−π
2 ,+

π
2 ). The reciprocal function 1/f◦(x) = x−1 sinx is continuous on

the entire line R.
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Figure 1. Function with exotic discontinuity set

Problem 4. Consider the following functions and for each of them deter-
mine their domain and decide, whether the function is continuous on its
domain and whether it can be extended on a larger set while remaining
continuous.

(1) f(x) = 1
1+x2

;

(2) f(u) = u
√
2 and g(u) = u

√
2−2;

(3) f(t) = t
|t| and g(t) = t2

|t| ;

(4) f(z) = lim zn, n ∈ N a natural parameter;
(5) f(s) = p(s)/q(s), where p, q are two polynomials with real coeffi-

cients (consider all cases);
(6) g(x) = sin 1

x ;

(7) g(y) = y sin 1
y ;

(8) g(z) = 1
z sin 1

z ;

(9) g(w) = wλ lnpw, λ ∈ R+, p ∈ N two parameters.

Problem 5. Find the domain and points of continuity of the following
functions:

(1) f(x) =

{
1, x ∈ Q,
0, x ∈ RrQ.

(2) g(x) =

{
1− x2, x ∈ Q,
0, x ∈ RrQ.

(3) h(y) =

{
1
q , x = p

q ∈ Q, gcd(p, q) = 1, q > 0,

0, x ∈ RrQ.
This function is plotted on Fig. 1.

2.3. Limits “at infinity”. The previous definition of limit was formulated
only for “two-sided limits” at a “finite” point a. However, numerous modi-
fications (generalizations, relaxations) can be instantly produced.

Definition 4. A real function f : A → R is said to have one-sided limit
from the right c+ = lim

x→a+0
f(x), if the restriction of f on the “truncated”
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domain A+ = A ∩ a+ R+ has a limit at a (in other words, if we ignore the
behavior of of the function for values less than a).

Problem 6. Give the definition of a one-sided limit from the left, denoted
by c− = lim

x→a−0
f(x).

Problem 7. Formulate and prove the relationship between existence of the
usual (“two-sided”) limit and existence of one-sided limits.

Definition 5. Let A ⊆ R be a set not bounded from above, and f : A → R
a real function on this set. We say that “f has a limit as x→ +∞”, if there
exists the limit lim

z→0+0
f(1z ).

Note that the symbol ∞ does not denote any point on the real axis and
is part of the indivisible “limit notation”.

Problem 8. Reformulate Definition 5 in the standard “epsilon–delta” terms.
Give the definitions of the limits lim

x→−∞
f(x) and lim

x→∞
f(x).

3. Functions of several variables and maps between spaces

The notion of continuity goes very far beyond the realm of functions
of one real variable. In fact, we already have all necessary tools to intro-
duce it. Recall that we consider the Euclidean plane R2, space R3 and
higher-dimensional spaces Rn as sets of pairs, triples, tuples of real numbers
respectively; points from these sets can be added as vectors (each coordi-
nate is treated separately) and multiplied by the real numbers. Together
with the standard notation I = {x ∈ R : −1 < x < 1} for the “unit seg-
ment of length 2”, we will use the product notation for the “unit square”
I2 = {(x, y) ∈ R2 : x ∈ I1, y ∈ I1}, and in general,

In = {(x1, . . . , xn) ∈ Rn : ∀k = 1, . . . , n, xk ∈ I}, (1)

with I1 = I if necessary.
A map with a domainA ⊆ Rm to Rn can be identified with n real functions

f1, . . . , fn of m variables x1, . . . , xm with the constraints x ∈ A imposed on
the collection of values of xk rather than on the individual values of the
coordinates.

Example 5. Arithmetic operations can be considered as functions of several
variables:

(1) Plus(x, y) = x + y, Minus(x, y) = x − y, Product(x, y) = xy are
functions from R2 → R, defined everywhere;

(2) Ratio(x, y) = x/y is the function defined on R2 r {y = 0};
(3) Norm1(x1, . . . , xm) = |x1|+· · ·+|xm| is a function on Rm which takes

only nonnegative values and Norm1(x) = 0 ⇐⇒ x = 0 = (0, . . . , 0);
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(4) The functions

Norm2(x1, . . . , xm) =
√
|x1|2 + · · ·+ |xm|2

Norm∞(x1, . . . , xm) = max{|x1|, . . . , |xm|}
are also satisfying this property. All of them can be considered as
“lengths” of a vector x ∈ Rm.

Example 6. Here are examples of maps:

(1) Identical map Id: Rm → Rm, Id(x1, . . . , xm) = (x1, . . . , xm) for any
x ∈ Rm;

(2) Constant map c : Rm → Rn, c(x1, . . . , xm) = (c1, . . . , cn). All space
Rm is mapped into a single point c ∈ Rn;

(3) Translations of Rm: maps of the form x 7→ x + v, where v =
(v1, . . . , vm) ∈ Rm is a constant vector;

(4) Homotheties of Rm, maps of the form x 7→ c · x, where c ∈ R is
the scaling factor (expansions for |c| > 1, contractions for |c| < 1,
constant map for c = 0);

(5) Axial symmetries of R2: e.g., (x, y) 7→ (x,−y) or (x, y) 7→ (y, x);
(6) Rotations of the plane R2 counterclockwise by the angle ϕ:[

x
y

]
7→
[
x cosϕ+ y sinϕ
−x sinϕ+ y cosϕ

]
(7) General linear map[

x
y

]
7→
[
ax+ by
cx+ dy

]
, a, b, c, d ∈ R;

Problem 9. Prove that the set {x ∈ Rm : Norm2(x) < 1} is the open unit
disk on the plane for m = 2 and the open unit ball of radius 1 in the 3-space
(what about m = 1?).

Prove that the “unit ball” {x ∈ Rm : Norm∞(x) < 1} is exactly the
“unit cube” Im. What is the “unit ball” {x ∈ Rm : Norm1(x) < 1} for
m = 1, 2, 3?

Definition 6. A map f : Rm ⊇ A → Rn is called continuous at a point
a ∈ A, if for any small positive ε > 0 one can always find a positive δ > 0
such that f(a+ δIm) ⊆ f(a) + εIn.

Problem 10. Prove that a map F : A→ Rn, A ⊆ Rm with the coordinate
functions f1, . . . , fn : A→ R is continuous in the sense of Definition 6 if and
only if all coordinate functions fi are continuous.

Problem 11. Let f : I2 → R be a continuous function of two variables.
Prove that for any choice a ∈ I1, both functions f(·, a) : I1 → R and
f(a, ·) : I1 → R, obtained by “freezing” one of the variables, are contin-
uous functions in the sense of the Definition 2.

Much more challenging question: is the inverse statement true? Assuming
that f is continuous in each variable separately as above, should it neces-
sarily be continuous as a function of two variables?
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Hint : the answer is negative.

Example 7. In this definition, the choice of the unit cube In is not impor-
tant: one can replace it by any of the “unit balls” mentioned in Problem 9.
Indeed, if Normp(v) < 1, then Norm∞(x) < 1 (all components of the vector
v ∈ Rn have absolute value less than 1) and hence Normq(v) < n for any
combination of p, q > 1. Thus continuity with respect to any other “unit
ball” automatically follows from that relative to In, eventually at the price
of changing δ by δ/m and ε by nε.

Because of the similarity between the function |x| on R1 and Norm∞(x),
we will denote the latter by ‖x‖:

∀x = (x1, . . . , xn) ∈ Rn, ‖x‖ = max{|x1|, . . . , |xn|}. (2)

As in the one-dimensional case, the continuity of a map at a point a
means that it can be approximated by a constant map x 7→ c, c = f(a)
in a neighborhood a + δIm = {x : ‖x − a‖ < δ} of a, with the accuracy
ε > 0 that can be made as good as required by reducing the size of the
neighborhood. The approximation means that ‖f(a), f(x)‖ < ε for all x in
the neighborhood.

Problem 12. Prove that all functions from Example 5 and maps from
Example 6 are continuous at every point of their domain (what about the
function y/x?).

Problem 13. Let f : I → R be a continuous function of one variable. Prove
that the map F : I → R2, F (t) =

(
t, f(t)

)
is continuous.

Maps of the form F : I → Rn are associated with the (parameterized)
curves, with the independent variable being interpreted as “time” and the
image point F (t) ∈ Rn as a position of the moving point at the time t ∈ I.
Continuity of such maps means that the point “does not jump”: the distance
between two positions ‖F (t)−F (s)‖ tends to zero as the time interval |t−s|
gets shorter.

4. Global properties of continuous functions—I

The continuity of a function at a point a is a local property of this function:
it depends only on the restriction of this function on a small neighborhood
a+ δI of this point for any positive and cannot be affected by any change of
the function away from this point. Formally, it can be stated as follows: if
two functions f and g, both defined at a, coincide after restriction on a+ δI
for some small δ > 0, then they are both continuous or discontinuous at this
point. (Recall that coincidence of two functions means that they have the
same domains.)

However, it turns out that this local property, if enforced at each point,
often has global (nonlocal) consequences. Usually results of this type are
formulated as “theorems on properties of continuous functions”, yet a more
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correct point of view is that there are certain global properties of sets, which
are preserved by continuous functions (maps, applications).

4.1. Connectedness of segments and the theorem on intermediate
value. The intervals (open, closed and with only one endpoint) are subsets
of the real line, which can be characterized as “consisting of a single piece”,
unlike finite collections of points (more than one point) or union of two
disjoint intervals. This intuitively clear notion, called connectedness, is,
however, not so easily defined in formal terms.

The shortest way to define it is via the order on the real line.

Definition 7. A subset A ⊆ R1 is called connected, if together with any
two points (numbers), it contains all intermediate numbers:

∀a, b ∈ A, ∀x ∈ R a 6 x 6 b =⇒ x ∈ A.

In fact, it is very easy to describe all connected sets on the real line.

Problem 14. Prove that each connected subset of R1 is one of the following
several types:

(1) the empty set ∅;
(2) one-point sets {a}, a ∈ R;
(3) intervals of the form (a, b], [a, b), (a, b), [a, b] for a < b, a, b ∈ R;
(4) rays (−∞, a), −∞, a], (b,+∞), [b,∞);
(5) the entire real line R.

Our first result claims that the continuous image of a connected set is
again a connected set.

Theorem 3. If f : A → R is continuous and A ⊆ R a connected set, then
its image f(A) ⊆ R is also connected.

This geometric formulation is usually concealed behind a purely analytic
result called the intermediate value theorem.

Theorem 4. If f : [a, b]→ R is a function continuous on the closed segment
[a, b], then for any real number h between f(a) and f(b) the preimage f−1(h)
is non-empty, i.e., there exists a point c ∈ [a, b] such that f(c) = h.

Obviously, Theorem 4 implies Theorem 3 for functions of one variable.
This follows from the definition of connectedness: if c1 < c2 ∈ f(A) are two
points in the image, f(ai) = ci, i = 1, 2, then one of the intervals [a1, a2],
[a2, a1] (the one that is non-empty) belongs to A and f is continuous on
this closed segment. By Theorem 4 any point h ∈ [c1, c2] is in the image
f([a1, a2]), which means that h ∈ f(A).

Problem 15. Prove that, conversely, Theorem 3 implies Theorem 4, so that
the two results are equivalent for functions of one variable.
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Proof of Theorem 4. Consider the function g(x) = f(x) − h. Then g takes
values of different sign at the endpoints of the segment [a, b] by assumption
of the theorem. We will say that g changes sign on this segment.

The proof will be achieved if we prove that g has a root. Consider the
middle point r = 1

2(a + b); if r is not a root, then the g changes sign on
one of the segments [a, r] or [r, b]. Take this segment and consider again
its middle point. Proceeding in this way, we construct a family of nested
segments of lengths converging to 0, such that on each segment of the family
the function g changes sign.

We claim that the common point c of this family must be a root of g.
Indeed, assume that g(c) > 0. Then by continuity g should be positive in

some sufficiently small neighborhood of c. Indeed, it is sufficient to choose

ε = g(c)
2 > 0 and find the appropriate δ > 0 from the definition of continuity,

so that g(c+δI) ⊆ g(c)+εI. The latter set contains only positive numbers.
But by construction, any neighborhood of c contains points where g is

negative (since it takes values of different sign). This contradicts to the as-
sumption that g(c). In the same way one can show that the strict inequality
g(c) < 0 is impossible.

The only remaining opportunity is g(c) = 0, which proves the existence
of the root of g and with it the Theorem. �

Remark 1. The proof of the theorem is constructive: applying the middle
point method, we can find the root with any degree of accuracy. Of course,
for functions that are better than just continuous, there exist more efficient
algorithms for the numeric computation of the root.

Remark 2. Obviously, the intermediate value theorem would be wrong
over the set of rational numbers: the “continuity” of the segment (its con-
nectedness) requires that all gaps between rational numbers be filled by the
irrational real numbers.

4.2. Connectedness of subsets of Euclidean space. The advantage of
the formulation of Theorem 3 is in the easiness of its generalization for
multidimensional case.

Problem 16. Let f : [a, b]→ R2 be a continuous map (curve) and L ⊂ R2

a straight line on the plane. Assume that the points f(a) and f(b) are from
different sides of L (what does it mean?).

Prove that the curve f crosses L at an intermediate point.

Problem 17. Let F : I
2 → R2 be a continuous map defined on the closed

square I
2

such that ‖F (1, 1)‖ = 2, ‖F (−1,−1)‖ = 0. Prove that there exists

a point a ∈ I
2

such that ‖F (a)‖ = 1.

These examples suggest that there is a property of planar sets (and, more
generally, subsets of Rm) which is preserved by continuous maps.

Definition 8. A subset A ⊆ Rm is called connected (more precisely, arc-
connected or path-connected), if any two points of this set can be connected
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by a continuous curve:

∀a, b ∈ A, ∃f : [0, 1]→ A such that f is continuous, f(0) = a, f(1) = b.

The most obvious class of connected sets are convex sets: by definition,
a set A ⊆ Rn is convex, if together with any two points a, b it contains the
line segment [a, b]. Since any line segment is the image of a continuous curve
(why?), the connectedness is ensured. Yet the continuous image of a convex
set is not necessarily convex.

Problem 18. Prove that the set R2 r Q2 of points having at least one
irrational coordinate, is connected.

Hint : the graph of the function y = αx with an irrational α ∈ RrQ is a
line avoiding all rational points from Q2 except for the origin (0, 0).

The main (and very simple, because of the choice of definitions) result on
connectedness is as promised.

Theorem 5. If A ⊆ Rm is a connected set and F : A→ Rn is a continuous
map, then the set f(A) ⊂ Rn is also connected.

Proof. Any two points in f(A) by definition are images of some to points
F (a) and F (b), a, b ∈ A. Because A is connected, the points a and b can be
connected by a continuous function (curve) f : [0, 1]→ A, f(0) = a, f(1) =
b. The composition g = F ◦ f : [0, 1]→ Rn is continuous by Theorem 2, and
g(0) = F (a), g(1) = F (b). Thus F (a) and F (b) are shown to be connected
by a continuous curve. �

5. Open and closed sets. Alternative definition of continuity

The definition of continuity still involves two quantifiers (before ε and δ).
We can work a bit and split this definition in two parts: first, defining a
certain class of open subsets of Rn and then explaining how continuity is
translated in terms of preserving the class of these sets.

The key example that is at the heart of this definition is the difference
between the open interval I ⊂ R, all of whose points enjoy similar status
with respect to I, and the closed interval I which has two endpoints, clearly
different from all interior points.

5.1. Open subsets of Rn. The formal definition is as follows.

Definition 9. A subset U ⊆ Rm is called open, if together with any its
point a ∈ U , it contains a neighborhood a+ εIn for some positive ε > 0.

The open interval is obviously open as a set. Other examples are easy to
construct.

Example 8. The following sets are open:

(1) open cube In ⊆ Rn;
(2) open ball {Norm2(x) < 1} ⊆ Rn;
(3) the entire space Rn, the empty set ∅;
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(4) the complement Rn rL, where L is a point or any subspace (line in
the plane, plane in the 3D-space, line in 3D).

Proposition 6. The union of any number (even uncountably many!) of
open sets is open.

The intersection of finitely many open sets is open.

Proof. Let a ∈
⋃
α Uα, where the open subsets Uα are labeled by an index α

running over any set (finite, countable, segment, . . . ). Then we can choose
just one of these sets, U∗: because it is open, there is a neighborhood a +
εIn ⊆ U∗. It clearly belongs to the union.

If a ∈ U =
⋂r
k=1 Uk, then there exist the positive numbers εk > 0 such

that a+εkI
n ⊆ Uk. Out of finitely many positive numbers ε1, . . . , εr > 0 one

can always choose the smallest number ε∗ = min{ε1, . . . , εr}, also positive.
Obviously, a + ε∗I

n ⊆ a + εkI
n ⊆ Uk for any k = 1, . . . , r, and we found a

neighborhood of a inside U , proving that the latter is open. �

Example 9. The intersection of infinitely many open sets can be not open,
since the infimum of infinitely many positive numbers is only nonnegative
and may well be zero.

For instance, if Uk = 1
kI ⊆ R, then the infinite intersection

⋂
Uk = {0} is

a single point which is not open (why?).

Problem 19. Prove that in the definition of openness one can replace the
unit cube In by any other set from Problem 9.

5.2. Equivalent definition of continuity of maps. The definition of an
open set already contains one quantifier (∃ for the size of a neighborhood).
It turns out, that using this notion, one can formulate the definition of
continuity with only one quantifier.

Theorem 7. A map F : Rm → Rn is continuous at all points of Rm, if and
only if the preimage of any open subset U ⊆ Rn is open (in Rm).

Note that this claim concerns only the maps which are defined everywhere
in Rm and bears no specific reference to any points of the domain or the
range.

Proof. In one direction, we prove that for a continuous map F : Rm → Rn
and an open set V ⊂ Rn its preimage U = F−1(V ) is open. Let a ∈ F−1(V )
be an arbitrary point in the preimage: we prove that there is a neighborhood
of a entirely belonging to U . Indeed, by definition, there exists b ∈ V
such that F (a) = b. Since V is open, there exists a small ε-neighborhood
b + εIn entirely belonging to V . By continuity of F , there exists a small
δ-neighborhood a+ δIm whose image is in F (a) + εIn ⊆ V . But this means
that a+ δIm ⊆ U = F−1(V ).

The other direction is straightforward: we need to prove that a map F
with the property that “preimage of an open set is open” is continuous at
each point a ∈ Rn. Indeed, take any positive ε > 0. The neighborhood
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V = F (a) + εIn is open. By assumption, U = F−1(V ) is also open and
contains a. By the definition of the openness, there exists a neighborhood
a + δIm which belongs to U : the F -image of this neighborhood belongs
to F (a) + εIn. Since ε > 0 can be chosen arbitrary, this proves that F is
continuous. �

How can one modify this construction to include maps defined on proper
subsets of Rm?

Definition 10. Let A ⊆ Rm be an arbitrary set. All subsets of A having
the form A ∩ U , with U open subset of Rm, are called relatively open (or
A-relatively open, if necessary to specify A).

Problem 20. Let I be the closed segment [−1, 1]. Prove that [−1, 1] is
relatively open, and all semiopen intervals (a, 1] are relatively open for a < 1.
Is the one-point set {1} ⊆ I relatively open?

Problem 21. Let F : Rm → Rn be a continuous map and U ⊆ Rm open.
Is that true that F (U) also must be open?

Hint : Consider the case m = 1, n = 2.

5.3. Another definition of connected sets. The property similar to the
connectedness (which we formulated first for one-dimensional sets in terms
of order) can be formulated in terms of openness.

Definition 11. A subset A is called (topologically) connected, if it cannot
be represented as the union of two disjoint nonempty subsets A = A1 ∪A2,
A1 ∩A2 = ∅, both of which are relatively open.

For one-dimensional sets, this definition brings nothing new.

Proposition 8. Any subset A ⊆ R1 connected in the sense of Definition 7,
is also connected in the sense of Definition 11 and vice versa.

Proof. We will prove that a closed segment I = [0, 1] is connected. Assume
the contrary, that is, I can be represented as the union of two relatively
open disjoint non-empty sets, A1 and A2. Without loss of generality we
can assume that 0 ∈ A1 and 1 ∈ A2. Consider the number a = supA1.
By definition, any neighborhood of this point contains points of both A1

and A2. But this point itself cannot belong to either set: because of the
relative openness, if a ∈ A1, then there exists a neighborhood of a entirely
in A1. But since A1 and A2 are disjoint, no points of A2 can be in this
neighborhood.

The rest of the proof (including the proof in the other direction) is left to
the reader. �

However, for subsets of Rn with n > 2 the notion of connectedness is
weaker than that of arc-connectedness.

Proposition 9. An arc-connected subset is topologically connected.
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Figure 2. Connected but not arc-connected set

Proof. Let A be an arc-connected subset which is not topologically con-
nected. Then there exist two relatively open disjoint subsets Ai = A ∩ Ui,
k = 1, 2, covering A. Consider two points ak ∈ Ak and assume that
f : [0, 1] → A ⊆ Rn is the continuous path connecting these points. Then
the preimages Ik = f−1(Uk). By continuity, these two sets are open, by
construction they are disjoint, nonempty and together cover the connected
segment [0, 1]. This is impossible by Proposition 8. �

Example 10. Consider the union of the two subsets of R2: one is the graph
of the function f(x) = sin 1

x on x > 0, and the other is the closed vertical
segment {x = 0, |y| 6 1}.

This set is not arc-connected, because any continuous path connecting the
points (0, 0) and ( 1

π , 0), should be the graph of a function for x > 0 and hence
discontinuous. On the other hand, it cannot be represented as the union of
two relatively open subsets as required. Indeed, since each “piece” of the
set is connected, the only possibility would be that A1 coincides with the
vertical segment. Yet this set is not relatively open: any open neighborhood
of A1 contains points on the graph of the sinus.

The theorem on preserving connectedness is now a statement that is al-
most trivial tautology.

Theorem 10. The continuous image of a connected set is also connected.

Proof. Assume that F : A → Rn is continuous and A is connected. If B =
F (A) were disconnected, B = B1 ∪ B2, Bk 6= ∅, B1 ∩ B2 = ∅, then the
preimages Ak = F−1(Bk) would be relatively open (by continuity) disjoint
nonempty sets, together covering the domain A. This would contradict the
connectedness of A. �

Remark 3. This theorem implies the intermediate value theorem. In par-
ticular, all “difficulties” which we overcame while proving the latter, should
be somehow present in the one-line proof of the former claim, which seems
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to be impossible. The explanation of this “logical paradox” is easy: most
of the work was done when selecting “proper” definitions and doing routine
checks which ensured their consistency etc. In particular, the fact that we
are working over the field of reals R and not over the rational numbers Q
(where the intermediate value theorem is plain wrong), is “concealed” in the
demonstration that the real segments are connected.

This simplicity is an ideal to which any mathematical theory always
strives: to find a language which would be simple and at the same time
powerful enough to describe our needs.

5.4. Closed sets. Closed subsets of Rn can be defined by two equivalent
ways, via their complements and via convergence of points.

Definition 12. Let A ⊂ Rn be a subset and p ∈ Rn a point (not necessarily
in A). The point p is called an accumulation point for A, if any neighborhood
p+ εIn, ε > 0, contains infinitely many different points from A.

Example 11. The endpoints of an open interval are the accumulation points
for this interval.

Problem 22. Find all accumulation points for the set { 1n : n ∈ N}.

Problem 23. Find all accumulation points of the set {(x, y) ∈ R2 : x >
0, y = sin 1

x}.

Theorem 11. The following two properties of a subset A ⊆ Rn are equiva-
lent:

(1) A contains all its accumulation points;
(2) the complement Rn rA is an open set.

Proof. 1. =⇒ 2. Let p ∈ Rn r A be any point in the complement. If A
contains all its accumulation points, then p cannot be such point, therefore,
there exists a neighborhood p+εIn which contains only finitely many points
from A, all different from p. Thus dist(p,A) = δ > 0. The neighborhood
p + δ

2I ⊆ (R r A) is completely in the complement. Since p was arbitrary,
this proves that the complement is open.

2. =⇒ 1. Let p be an accumulation point for A. If p /∈ A, then there
exists an open neighborhood of p which is also in the complement (since the
latter is open). But this is impossible: such neighborhood contains no point
of A at all, so p cannot be the accumulation point. �

Definition 13. The subsets described by the two equivalent conditions of
Theorem 11, are called closed subsets of Rn.

A subset of B any set A is called relatively closed (or closed in A), if its
complement ArB is relatively open.

The following result is fully expected: continuous preimage of a closed
subset is closed.
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Problem 24. Should the continuous image (i.e., the image by a continuous
map) of a closed set be closed?

Hint : No.

Problem 25. A relatively closed subset A′ ⊆ A of a closed subset A ⊆ Rn
is itself closed. A relatively open subset U ′ ⊆ U of an open subset U ⊆ Rm
is itself open. Prove these statements.

6. Compact sets

Another global property which can be vaguely described as “almost finite-
ness”, is called compactness and is also preserved by continuous functions.

To have an intuitive idea of how this almost finiteness may look, consider
the following properties (each of which can be immediately proved).

Example 12. Let A ⊆ Rm be a finite set. Then:

(1) each infinite sequence of points {ak} (considered as a map from N
to A) contains an infinite constant subsequence.

(2) any function f : A → R is bounded and attains the maximal and
minimal value;

Indeed, the first claim follows from the fact that all preimage sets Na =
{k ∈ N : ak = a ∈ A} cannot be finite simultaneously. The second claim
immediately follows from the observation that among finitely many numbers
in the finite set f(A) one can always find the maximal and minimal number.

We will generalize these properties and introduce the class of compact
subsets of Rm which possess analogous (though not completely identical)
properties. In particular, in the first property we will require this only for
continuous functions, and in the second property we replace the stabilization
condition by the convergence: any infinite sequence of points in A should
contain a converging subsequence.

First note that a set must be closed, if we want to these two (yet not
formally stated) properties to hold.

Example 13. Let A = R1 r 0 and f : A → R is the function f(x) = 1
x .

This function is continuous on A, but unbounded. The function g(x) = x2 is
continuous everywhere (including the origin) and positive, infx∈A g(x) = 0,
but the “minimal” value equal to zero is not attained on A.

The sequence of points ak = 1
k belongs to A but no subsequence of this

sequence has a limit in A.

However, the closedness alone is not sufficient.

Example 14. The real line A = R is closed, but the function f(x) = x
is unbounded on it, while the function g(a) = arctanx is bounded (all its
values are on the open interval π

2I), but does not take the extremal values
±π

2 .
The sequence ak = k does not contain any convergent subsequence.
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Together these two properties already provide us with the good “almost-
finiteness” definition.

Definition 14. A subset A ⊆ Rn is called compact, if it is closed and
bounded, i.e., there exists a finite number r such that A ⊆ rIn.

Example 15. The closed cube I
n

= {(x1, . . . , xn) : |xi| 6 1} is compact.
The closed ball {x ∈ Rn : Norm2(x) 6 1} is compact.

Indeed, both two sets are closed as preimages of the closed set [0, 1] by
the continuous functions ‖x‖ and Norm2(x). Boundedness is obvious.

Proposition 12. If A ⊆ Rn is a compact set, then:

(1) any sequence a : N→ A, k 7→ ak, contains a converging subsequence
with the limit in A,

(2) any continuous function f : A → R is bounded and attains its ex-
tremal values.

Proof. We start by proving the first claim for the case where A = I
n

is the
closed unit cube. If n = 1, that is, I = [−1, 1] is a closed segment, then
we already know that from any sequence of points on the segment one can
extract a converging subsequence by Theorem ?? from Lecture 5.

Therefore from any sequence of points {ak = (ak,1, . . . , ak,n)}k∈N in I
n

we
can extract an infinite subsequence, whose first coordinates ak,1 converge to a
limit a∗,1 ∈ [−1, 1]. Using the same argument, from this subsequence we can
extract an infinite sub-subsequence with the second coordinates {ak,2}k∈N
also converging (to a different limit a∗,2 ∈ [−1, 1]). The convergence of
the first coordinates cannot be affected by passing to the sub-subsequence.
Proceeding this way for n steps, we extract from the initial sequence an
infinite sub-. . . -subsequence with all n coordinates forming convergent (nu-
meric) sequences in [−1, 1]. By definition, this means that the last sub-. . . -

subsequence is converging to the point a∗ = (a∗,1, . . . , a∗,n) ∈ I
n
.

Now we can prove the first claim for a general compact A ⊆ Rn. Without
loss of generality (by rescaling) we may assume that A ⊆ I

n
since A is

bounded. Let {ak} ⊂ A be an infinite sequence. By the compactness of I
n

(the previous step), one can extract from it a subsequence converging in I
n

to a limit a∗. But since A is closed, the limit of a converging sequence of
points from A belongs to A again, thus ak admits extraction of a subsequence
converging in A.

The second claim is easy consequence of the first one. Assume that f is
an unbounded function. Then for any k ∈ N there exists a point ak ∈ A such
that f(ak) > k. The sequence {ak}k∈N may have repetitions, but it cannot
be finite (why?). By the first claim, there exists an infinite subsequence
of it which converges to a point a∗ ∈ A. But then by continuity of f , the
subsequence f(ak) must converge to f(a∗) ∈ R which is a finite number. The
contradiction shows that the function must be bounded, b∗ = sup f(A) <
+∞.
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To complete the proof, we need to show that f−1(b∗) ∈ A, that is, the
upper bound is attained. Let ak be a sequence of points such that the values
bk = f(ak) converge (from below) to b∗. Such points exist by definition of
the least upper bound (supremum). Let a∗ ∈ A be any partial limit of ak
(the limit of a converging subsequence). By continuity, f(a∗) = b∗ (supply
the detailed explanation). �

In fact, we have a stronger claim which absorbs many partial cases.

Theorem 13. Let A ⊆ Rm be a compact set and F : A→ Rn a continuous
map. Then F (A) ⊆ Rn is a compact.

We leave the proof of this result to the readers: you have already all
necessary tools to do it!
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