
ANALYSIS FOR HIGH SCHOOL TEACHERS

LECTURE 5. LIMITS

ROTHSCHILD–CAESARIA COURSE, 2011/2

1. Limits of sequences of real numbers

We already implicitly discussed the principal idea of convergence when
discussing the Dedekind cuts as two-sided approximations to the “ideal”
(real irrational) numbers.

Example 1. Let α = (L,R) ∈ R be a cut, L,R ⊆ Q. By definition, for any
(rational) ε > 0 one can find a pair l ∈ L, r ∈ R such that 0 6 r − l < ε.
Consider the sequence {εk = 1

k}, k = 1, 2, . . . . This sequence consists of
positive rational numbers; for each of them we can find approximations
lk ∈ L, rk ∈ R such that 0 6 rk − lk < εk. In the intuitive sense these two
sequences converge to α.

Problem 1. Let α ∈ R be a real number. Prove that there exist two
monotone sequences of rational numbers r1 > r2 > r3 > · · · and l1 < l2 <
l3 < · · · such that lk < α < rk and the differences rk − lk are not separated
from 0.

We will define the notion of the limit in such a way that it will include
both these examples yet will be more flexible: the convergence will not
depend neither on the behavior of any initial (final) part of the sequence nor
rearrangement of its terms.

1.1. Stabilizing sequences.

Definition 1. A sequence of real numbers {ak}k∈N is called stabilizing, if
all its elements are equal to each other, starting from a certain number an:
an = an+1 = an+2 = · · · . This common value will be called the stable value
of {ak} and denoted by stab ak. The number n (to be more precise, the
smallest of such numbers) is called the stabilization moment.

Stabilizing sequences are not very interesting class of sequences, yet one
can formulate several “toy theorems” about their behavior.

Theorem 1. If two sequences {ak}k∈N and {bk}k∈N are stabilizing at the
values a∗ = stab ak and b∗ = stab bk, then:
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(1) the sequences ck = ak ± bk and dk = ak · bk are also stabilizing, and
their stable values are a∗ ± b∗ and a∗ · b∗ respectively;

(2) the sequence ek = ak+n, obtained from {ak} by striking out the first
n terms, is stabilizing for any finite value of n with the same stable
value stab a;

(3) for any one-to-one map σ : N → N (rearrangement of the natural
series) the sequence {fk = aσ(k)}k∈N is also stabilizing with the same
stable value stab a;

Problem 2. Prove all these statements. Hint: prove that from any stabiliz-
ing sequence one can strike out finitely many first terms so that it becomes
constant.

Problem 3. Formulate and prove a statement about division of two stabi-
lizing sequences ck = ak/bk. Why this is different from the first item of the
above theorem?

1.2. Approximate stabilization. The notion of convergence of a sequence
to some limit value arises if instead of the exact stabilization we require
approximate stabilization, with the arbitrarily specified accuracy ε > 0.

Definition 2. Let ε > 0 be a positive number. We say that a sequence
of real numbers {ak} ε-stabilizes at the value a∗ ∈ R, if all members of
the sequence fall into the open interval (a∗ − ε, a∗ + ε), starting from some
number n = n(ε): formally, if

∃n = n(ε) : ∀k > n, |ak − a∗| < ε.

Problem 4. Can a sequence ε-stabilize at two different numbers a∗ 6= a•?

Problem 5. Can an ε-stabilizing sequence be unbounded?

Example 2. Let {ak} be ε1-stabilizing on a number a∗ and {bk} be ε2-
stabilizing on b∗. We will prove that ck = ak + bk is (ε1 + ε2)-stabilizing on
the number a∗ + b∗.

It is very convenient to use the operations on the sets we introduced
earlier. Denote by I = (−1, 1) ⊂ R the open interval. Then εI = {εx :
x ∈ I} = (−ε, ε) will be a symmetric interval centered at the origin and
of length 2ε > 0. The assumption that |ak − a∗| < ε is equivalent to the
condition that ak ∈ {a∗}+ εI which we simplify to ak ∈ a∗ + εI as before.

The proof now becomes a one-liner: if ak ∈ a∗ + ε1I for all k starting
from some number k = n1, and bk ∈ b∗ + ε2I for all k starting from k = n2,
then starting from the larger of the two numbers k = max(n1, n2), we have

ak + bk ∈ a∗ + ε1I + b∗ + ε2I = (a∗ + b∗) + (ε1 + ε2)I.

Problem 6. Show that the difference ak− bk (ε1 + ε2)-stabilizes on a∗− b∗.
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1.3. Interval arithmetics. The interval I = a + εI for small values of ε
will be referred to as a “small neighborhood” of the number a. If ε > 0 is
the (guaranteed) accuracy of a measurement, then this interval is the set of
values which can be obtained by various measurements (samplings) of a.

Our intuition suggests that if we know two real numbers with some ac-
curacy, then we also know their sum, difference, product and (sometimes)
ratio with some (other, perhaps, less precise) accuracy. We already have seen
this when discussing cuts. In order to translate this intuition into precise
statements, we need to translate everything into the language of inequalities.

Problem 7. Show that any open interval I = (α, β) ⊆ R, α < β, on the
real axis can be written as a+ εI for some a ∈ R and positive ε > 0.

Problem 8. Compute the sumset I1 + I2 and difference-set I1 − I2 of two
intervals I1 = a1 + ε1I and I2 = a2 + ε2I.

Problem 9. Compute the set-product I1 · I2 = {xy : x ∈ I1, y ∈ I2} of
two intervals I1 = a1 + ε1I and I2 = a2 + ε2I under the assumption that
a1, a2 > 0 and εi < ai. What is the length of this product? Why we need
the restrictions on the size of εi?

Hint. Don’t worry that the answer looks ugly.

Problem 10. Assume for simplicity that in Problem 9 ε1 = ε2 = ε > 0.
Find a positive number δ > 0 such that a1a2 + δI ⊆ I1 · I2, where I1,2 are
two open intervals as above.

Hint. The answer may depend on a1, a2 and should not be the best
solution!

Problem 11. Consider the set-ratio I1/I2 = {x/y : x ∈ I1, y ∈ I2} where
I1, I2 are two open intervals as in Problem 9 with ε1 = ε2 = ε > 0. Find a
positive δ > 0 such that (a1/a2) + δI ⊆ I1/I2.
1.4. Definition of limit: the case of sequences. We say that a sequence
of real numbers {ak}k∈N converges to a real number a∗ ∈ R, if for any
specified accuracy level ε > 0 the sequence stabilizes at a∗ with accuracy ε.
In this case we say that a∗ is the limit of the sequence and write

lim ak = a∗.

Expanding the notion of ε-stabilization (i.e., stabilization with accuracy
ε), we arrive at the following definition.

Definition 3. A real sequence {ak}k∈N ⊂ R converges to a∗ ∈ R, if for
any ε > 0 all (except finitely many) numbers of the sequence belong to the
neighborhood a∗ + εI.

How one sequence can approximate the fixed number a∗ with changing
(variable, increasing) accuracy? The answer is hidden in the words “except
finitely many”. The higher the required precision, the more “unsatisfying
approximations” we need to discard to guarantee that the rest will be within
the distance ε from a∗.
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We can expand again the definition of “finitely many” and “small neigh-
borhood” to translate the above definition as follows: lim ak = a∗, if

∀ε > 0 ∃N = N(ε) : ∀k > N |ak − a∗| < ε. (1)

Now you should recognize the familiar “epsilon-delta” construction.

Problem 12. Explain why no sequence can converge to two distinct num-
bers.

Hint. Find the accuracy which would make the corresponding claims
incompatible with each other.

Problem 13. Prove that for A = {ak}k∈N the equality dist(A, a∗) = 0
holds. Is the converse true?

To better understand the idea of the limit, we will call the tail of a se-
quence A = {ak}k∈N any subset of the form AN = {ak}k>N for a finite
number N . The tail is anything that can be obtained by throwing away any
finite number of the sequence. The same sequence has infinitely many tails,
depending on the number N where it is truncated.

Problem 14. Prove that lim ak = a∗ if and only if for any ε > 0 there
exists a tail of the sequence, entirely belonging to a∗ + εI.

Problem 15. Prove that for a converging sequence, the diameter of its tail
eventually becomes smaller than any specified positive number ε > 0. Start
with writing this statement as a logical formula.

Problem 16. Prove that in a converging sequence one can change arbitrar-
ily any finite number of terms without changing the limit.

Problem 17. Prove that in a converging sequence one can permute any
number of terms and this will not affect the convergence.

Hint. What is a permutation of elements in an infinite sequence?

1.5. Limits and monotonicity. Convergence of a sequence is not an easy
fact to establish: as follows from the previous exercises, this requires infor-
mation about the whole sequence. Examination of any finite initial segment
does not allow any conclusions.

The first example is the case of monotone bounded sequences.

Theorem 2. A monotone bounded sequence converges.

Proof. Assume that the sequence A = {ak} is non-decreasing: ak 6 ak+1

for all k ∈ N. Then such sequence is automatically bounded from below:
A > a1. The boundedness assumption means that there exists a number
b ∈ R such that A 6 b.

This boundedness means that the number a∗ = supA ∈ R is a (finite)
real number. We claim that a∗ = lim ak.

Indeed, for any ε > 0 there is an element a = an ∈ A which is in the
(semi)interval (a∗− ε, a∗], since a∗− ε is not an upper bound for A. By the
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monotonicity, the tail of the sequence, starting from this moment, belongs
to this interval.

The case of non-increasing sequences is treated by the standard sign re-
versal, although it would be instructive to carry out all arguments anew. �

Yet another statement is popularly dubbed “Two policemen’s theorem”,
describing a drunk man squeezed between two policemen, both going to the
same precinct. The fate of the drunkard is obviously sealed.

Theorem 3. Let {ak} and {bk} be two sequences which converge to a com-
mon limit: lim ak = lim bk = a∗. Assume that a third sequence {ck} is
squeezed between the first two, ak 6 ck 6 bk for all k.

Then lim ck = a∗.

Proof. Consider any neighborhood (interval) a∗+ εI for an arbitrary ε > 0.
This neighborhood contains all terms of each of the first two sequences,
staring from some (common) number k = N .

But if ak, bk ∈ a∗ + εI, then [ak, bk] ⊆ a∗ + εI (why?), hence the tail of
the sequence {ck} is also in this neighborhood. Since ε was arbitrary (small
positive), this proves the convergence. �

Problem 18. Let A = {ak} and B = {bk} are two converging sequences,
a∗ = lim ak, b∗ = lim bk. Assuming that a∗ < b∗, prove that there exist two
tails AN and BN such that AN < BN .

Can the same conclusion be guaranteed if we only know that a∗ 6 b∗?
Give a (counter)example.

1.6. Partial limits = accumulation points. The notion of a limit can
be relaxed.

Definition 4. A partial limit (also the term accumulation point is used) for
a sequence A = {ak}k∈N is a point a whose distance from any tail AN of the
sequence is zero.

This definition can be given in several equivalent forms:

(1) Every open neighborhood a + εI, ε > 0, contains infinitely many
terms of the sequence;

(2) ∀ε > 0 ∀N ∃n > N : |an − a| < ε, cf. with (1);
(3) There exists an infinite subsequence {a′j}j∈N ⊆ {ak}k∈N which con-

verges to a: lim a′j = a.

Problem 19. Give an accurate definition of an infinite subsequence of a
given sequence.

Hint. Recall that the word sequence is the abbreviation for a map N→ R.

Problem 20. Prove that all these definitions are indeed equivalent to each
other.

Problem 21. Prove that the limit of a convergent sequence is also the
unique partial limit.
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Problem 22. Construct a sequence without partial limits.

Theorem 4. A bounded sequence must have at least one partial limit. If
this partial limit is unique, then the sequence is in fact converging to it.

Proof. A bounded sequence A belongs to a certain finite (closed) interval
I1 ⊆ R. Subdividing this interval into two equal parts, we can choose a
closed interval I2 ⊂ I1, twice shorter, which will contain an infinite number
of terms from A. This interval in turn can be subdivided in two parts etc.
Processing in this way, we construct a nested family of closed segments
I1 ⊇ I2 ⊇ I3 ⊇ · · · , each containing an infinite number of members of the
sequence.

Let a∗ be the (unique) common point in the intersection, a∗ =
⋃
k∈N Ik.

For any ε > 0 the neighborhood a∗+εI contains entirely one of the intervals
Ik and together with it the infinite many terms of A. Thus a∗ is a partial
limit.

Assume that this partial limit is not the (genuine) limit. In this case there
exists ε > 0 such that the neighborhood a∗+εI does not cover I1 completely,
I ′1 = I1 r (a∗ + εI) 6= ∅, and the non-empty complement contains infinitely
many terms of A (why?). Proceeding as before, one can construct an infinite
nested family of closed intervals I ′1 ⊇ I ′2 ⊇ I ′k ⊇ . . . each containing infinitely
many terms of A. The common point a′∗ ∈

⋂
I ′k is a partial limit, which by

construction is different from a∗, since a′∗ /∈ a∗ + εI.
This means that the initial partial limit cannot be unique. �

Problem 23. Given any finite set P ⊂ R, construct a sequence whose
partial limits coincide with S.

Problem 24. Construct a sequence with an infinite number of partial limits.
For instance, construct sequences whose partial limits sets P are:

(1) P = N;
(2) P = Z;
(3) P = 1/N = { 1n : n ∈ N}.

Problem 25. Construct a sequence for which any value a ∈ R is a partial
limit.

Hint. Any real number is a limit of a suitable (approximating) sequence
of rational numbers.

Problem 26. Let A be a sequence whose partial limits are all points from
the set 1/N. Prove that 0 is also a partial limit of this sequence.

1.7. Limits and arithmetic. For any two converging sequencesA = {ak}k∈N
and B = {bk}k∈N we can form the sequences sk = ak + bk, dk = ak − bk,
pk = akbk. With the sequence rk = ak/bk there may be a problem of divi-
sion by zero, but by Problem 18 if b∗ lim bk 6= 0, then some tail BN contains
only nonzero terms and we may replace A and B by their N -tails. Then the
sequence R = {rk} will be also well-defined.
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As one can expect, all four sequences (the last one under the assumption
that b∗ 6= 0) converge to the expected limits. This is not surprising: con-
vergence of the initial sequences A,B means that their terms ε-stabilize on
their limits for any specified accuracy ε > 0. Clearly, the results of arith-
metic operations on sequences then approximate the appropriate operations
performed on the limits. The accuracy can be in general worse than the
same threshold ε, but can be made as small as we want by choosing ε > 0
small enough.

How accurately you need to know a and b to know ab or a/b with a
required accuracy ε > 0? The answer depends on the absolute values of
|a|, |b|. Quite obviously, if b has a small absolute value and a is large, then
the required accuracy δb > 0 for b should be much higher (the admissible
error smaller) than δa > 0, that for a. The rigorous estimates were already
made when we discussed the interval arithmetic, see §1.3. Fortunately, when
discussing merely the existence of limits, we do not need to carry out these
computations completely: it is sufficient only to guarantee that δa and δb
exist.

Theorem 5. If A = {ak}k∈N and B = {bk}k∈N are two converging se-
quences, then

(1) lim(ak ± bk) = lim ak ± lim bk;
(2) lim(ak · bk) = (lim ak) · (lim bk);
(3) if lim bk 6= 0, then lim(1/bk) = 1/(lim bk).

Problem 27. Write down an accurate proof of this Theorem, using solutions
of the Problems 8, 9 and 10.

1.8. More interesting limits. If all content of the theory of limits could
be reducible to Theorem 5 and Problem 18, there would be no need in such
theory. The nontrivial examples (although some of them quite easy) arise
when dealing with sequences when these results cannot be applied.

Example 3. The limit of the sequence ak = 1
k is obviously zero. This

can be proved directly, but there is no way this fact can be derived from
Theorem 5.

The same holds for the sequence ak = k sin 1
k . Its limit is 1, but this

cannot be established by formal manipulations: one has to derive first certain
trigonometric inequalities.
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