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LECTURE 2. FINITE VERSUS INFINITE

ROTHSCHILD–CAESARIA COURSE, 2011/2

1. What means infinity?

The basic concept of the set of all natural numbers already contains in
itself the idea of infinity. Thus we first define the notions of finite/infinite
sets for subsets of N only. The general case will be discussed once we learn
how to compare different sets in the size.

Definition 1. A subset A ⊆ N is called finite, if ∃n ∈ N ∀x ∈ A x 6 n.

Why this definition coincides with the “naive” idea about the finiteness?

Problem 1. Give the formal (logical) definition of an infinite subset of N.

Problem 2. Give the formal definition of a finite and infinite subset of Z.

Problem 3. Prove that any finite subset A ⊆ N has the maximal element
a = max(A) such that a ∈ A and ∀x ∈ A, x 6 a. Prove that the maximal
element is unique. What about the minimal element?

Prove that any infinite subset A ⊂ N does not have the maximal element.
What about the minimal element?

Formulate and prove the respective statements about finite and infinite
subsets of Z.

2. Admissible infinite operations

Unlike the arithmetic operations + and ×, the set operations ∪ and ∩
can be applied infinitely many times. For instance, assume that we have
infinitely many sets A1, A2, A3, . . . , An, . . . , labeled by the natural numbers.
Then we see no compunction in writing

A =

∞⋃
n=1

An = A1 ∪A2 ∪ · · · , A =

∞⋂
n=1

An = A1 ∩A2 ∩ · · · .

In fact, this is the instance where the quantifiers are required to formalize
what we mean by the (infinite) unions/intersections:

x ∈ A ⇐⇒ ∃n ∈ N, x ∈ An, x ∈ A ⇐⇒ ∀n ∈ N, x ∈ An.
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We may be unable to effectively decide, whether the infinite number of
inclusions x ∈ An holds, but may legally operate with the corresponding
formulas without any problem.

Example 1 (Collatz conjecture). Consider the sequence of numbers which
starts with an arbitrary natural number a1 ∈ N and continued “inductively”,
iterating the following rule:

• if an is even, then an+1 = 1
2an ∈ N,

• if an is odd, then an+1 = 3an + 1.

There exists a vast experimental data and some theoretic considerations
making us to believe that no matter what the first term a1 ∈ N is, the
sequence will end up by the cycle . . . 1, 4, 2, 1, 4, 2, 1, 4, 2, 1, . . . (i.e., hits the
value 1 and circles then). This is known as the Collatz (Ulam, Kakutani,
Hasse, . . . conjecture, and it stands open since 1937.

Problem 4. Denote by ϕ : N → N the function described by the rules
from Example 1, so that the Collatz sequence takes the form an+1 = ϕ(an),
n = 1, 2, . . . .

Write the logical formulas for:

(1) the set of the first n values of the sequence, which begins with a1 = k;
(2) the set of all values Ck which takes the sequence starting from the

initial value k;
(3) the logical formula expressing the Collatz conjecture.

This will give you the logical formula (or the set) which is defined using
infinite union (or quantifiers), whose veracity we cannot determine.

Example 2. Until the recent work by Andrew Wiles in 1995, we did not
know whether the following set was empty:

F = {n ∈ N : n > 3, ∃x, y, z ∈ N, xn + yn − zn = 0}.

3. Almost all numbers, almost true sentences

A finite subset A ⊂ N is always “small” compared with the whole infinite
set N. Finite unions of intersections of such “small” sets are again “small”
(finite), although the infinite union can already be infinite.

We say that a subset A ⊆ N contains almost all elements of N, if the
complement NrA is a finite (“small”) set. Intuitively, such sets should be
understood as “very large”.

Note that a set can be neither “small”, nor “very large”: e.g., consider
the set 2N of even natural numbers.

Problem 5. Construct 7 sets A1, . . . , A7 ⊆ N such that their union gives
the whole set N. Can some of them be finite? All of them? Can all of them
be infinite? Can you in require that all of them are infinite, and in addition

∀i 6= j Ai ∩Aj = ∅,

7⋃
i=1

Ai = N.

http://en.wikipedia.org/wiki/Collatz_conjecture
http://en.wikipedia.org/wiki/Collatz_conjecture
http://he.wikipedia.org/wiki/%D7%90%D7%A0%D7%93%D7%A8%D7%95_%D7%95%D7%99%D7%99%D7%9C%D7%A1
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Problem 6. Construct infinite number of infinite sets An ⊂ N, n ∈ N,
which are pairwise disjoint and whose union is the whole set N.

4. Functions, a.k.a. Maps or Applications

All three names mean one and the same thing, a way (formula, rule,
prescription, how-to, algorithm) to associate with each element of one set A
(called the domain) one and only one element of another set B, called range
(or target). Different functions are denoted by different letters, and usually
a function f mapping A to B is abbreviated as

f : A→ B.

A function is uniquely determined by its graph Z = Zf ⊂ A×B,

Zf = {(x, y) : x ∈ A, y ∈ B, y = f(x)}.

Conversely, a subset Z ⊆ A×B is the graph of some function from A to B,
if and only if

∀x ∈ A ∃!y ∈ B : (x, y) ∈ Z

Remark 1. Here we used the abbreviated notation ∃! for “exists a unique . . .
such that”. It is not a really new notion, since the logical phrase ∃!x : L(x)
(where L is a formula containing x as a free variable) is equivalent to the
two simultaneous logical statements,

∃x : L(x) and ∀y, z : L(y) ∧ L(z) =⇒ y = z.

Yet using the “uniqueness” sign !, we can formulate statements more briefly,
of course, not forgetting to indicate the domain from which the variable x
is taken, if this is not clear from the context. Consider, for example, the
following two sentences:

∃!x ∈ Z : x2 = 4 and ∃!x ∈ N : x2 = 4.

Only one of them is true.

Definition 2. A function f : A→ B is called one-to-one correspondence, if
∀y ∈ B ∃!x ∈ A : f(x) = y.

Definition 3. If f : A → B and g : C → D are two functions and B ⊆ C,
then the composition of the two functions, denoted by g ◦ f , is the function
h : A→ D such that h(a) is the element g(b), the value of g on the element
b = f(a), well defined, since b ∈ B ⊆ C. Usually we use braces to define
image of the image and write simply h(a) = g(f(a)), meaning that we first
evaluate f(a) and then g(f(a)).

Note that in general g ◦ f and f ◦ g are different, if already for the ab-
sence of any assumptions between A and D required to define the second
composition. However, even if both f ◦ g and g ◦ f are defined, they may be
different.
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Problem 7. Let f, g : Z→ Z be the two functions, defined as follows:

∀x f(x) = x + 1, g(x) = 2x.

Find all x ∈ Z such that f ◦ g and g ◦ f take the same value on x.

Problem 8. Construct two functions f, g : Z→ Z such that f ◦ g and g ◦ f
coincide on a nonempty finite set.

Problem 9. Let f : A→ B be a one-to-one map (function). Construct the
function g : B → A such that both g ◦ f : A→ A and f ◦ g : B → B are the
identical maps of each set onto itself.

The function g constructed in the previous exercise, is called the inverse
function and denoted by f−1 (never to be confused with 1/f !). A function
admitting an inverse function is often referred to as an invertible function
(map).

5. One-to-one maps as a tool to compare infinite sets

Obviously, if the sets A and B contain finitely many elements (their num-
bers denote by |A| and |B| respectively) and f : A → B is an injective
(one-to-one) map, then |A| 6 |B| (can you see it immediately). If f is sur-
jective (the image f(A) = {f(a) : a ∈ A} coincides with B), then |A| > |B|.
If f is invertible, then |A| = |B|.

We can use this equality to declare two sets A,B (finite or infinite) be-
ing equivalent (“having the same number of elements”), if there exists an
invertible (one-to-one) map between them.

A set equivalent to the set of natural numbers N, used for counting, is
called countable. It is “the smallest infinite set”.

Problem 10. Try to formulate the above statement, that “N is the smallest
infinite set”, in an accurate way.

Problem 11. The standard list of countable sets starts with N and Z and
is closed by finite unions and intersections. Any subset of a countable set is
either finite or again countable.

In a somewhat less expected way, a countable union of countable sets
is again countable. In particular, the set of rational numbers Q is also
countable. Prove all these statements.

Problem 12. Prove that the prime numbers form a countable set.

Remark 2. It is not easy to construct a non-countable set. However, we’ll
have to deal with such sets quite soon.
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