
ANALYSIS FOR HIGH SCHOOL TEACHERS

LECTURE 1. FIRST ENCOUNTER WITH INFINITY

ROTHSCHILD–CAESARIA COURSE, 2011/2

1. What is the principal difference between Analysis and
other branches of High School Mathematics?

Both Algebra and (elementary) Geometry are (mostly) based on “finitely
described” objects and operations on them, allowing for “formal manipula-
tions”.

• Algebraic rules of identical transformations.
• Simple types of geometric figures with clearly defined parameters

(points, lines, circles, . . . ). Note that Geometry does not discuss
“what is the length”, it operates with simple rules for its behavior,
based on intuition with finite segments and their proportionality.
Hence the problem with explaining the length and area of the circle.
• Trigonometric and exponential/logarithmic identities. In addition

to the arithmetic laws, a collection of few “simple” (or not?) rules
which are accepted as “obvious”, is introduced.

On the contrary, Analysis (a.k.a. Calculus, Infinitesimal Calculus, Differen-
tial and Integral Calculus) is all about infinite constructions and processes,
formalized via the construction of the limit.

Among other things, it allows to justify the algebraic and geometric rules.

2. Infinity is dangerous

Example 1. Computation of
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is obvious: 2S = S + 1, hence S = 1.
However, the same trick applied to

S′ = 1 + 2 + 4 + 8 + · · · , 2S = 2 + 4 + 8 + 16 + · · · ,

yields the obvious 2S = S − 1 and the paradoxical conclusion S = −1.

Conclusion. Arithmetic rules with infinitely many terms may fail.
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Problem 1. Use the trick for computing the infinite sum

S = 1 + a + a2 + a3 + a4 + · · ·
and find the values for which the method “works” and gives the “correct
answer”.

Example 2. Consider the train traveling from Tel Aviv to Jerusalem but,
unlike the real train, assume that it has its first stop in the middle of the
path, then the next stop one quarter of all distance from Jlem, another stop
1/8 of the all distance etc., thus making infinitely many stops.

In TA only one passenger boards the train, and exits on the first stop.
Instead, on this first stop enter Passengers 2 and 3. On the second stop
Passenger 2 exits, and instead Passengers 4 and 5 enter. The process con-
tinues: on each stop the passenger with the smallest number exits, and two
new numbered passengers enter.

How many people will reach Jerusalem?

Conclusion. The rules of operation with inequalities may fail if applied
to infinite quantities.

Example 3. The previous problem can be simplified. Compare the two
sets, the natural and the integer numbers.

N = {1, 2, 3, 4, 5, . . . } and Z = {. . . , −3, −2, −1, 0, 1, 2, 3, 4, . . . }.
Which of them is larger?

Conclusion. Even the “obvious” rule that a part is smaller than the
whole, may be wrong.

Example 4. Consider the hypotenuse of the rectangular triangle and its
approximation by the staircase with sides parallel to the two other sides. If
the size of the stairs is very small, the stair becomes indistinguishable from
the hypotenuse, yet the length remains the same in apparent contradiction
with the Pythagoras theorem.

Conclusion. Measurement of lengths is trickier than you thought: be-
sides the “visual indistinguishability” between the line and the staircase
with very small stairs, something else has to be controlled. So what about
measuring the length of the circle by lengths of inscribed polygons? Are you
still sure it indeed works?

Example 5. Can you draw a closed (like a circle) non-self-intersecting line
on the plane, whose length is infinite?

3. Start with your language first

Part of the problem (but only part!) is related to the imprecision of our
language.

Example 6. Hats are made to fit people. This phrase can be understood
in a number of ways:
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(1) Every hat fits somebody;
(2) Each person can find a hat that fits that person;
(3) Every hat fits everybody;
(4) There exists a wonder-hat that fits everybody;
(5) There is somebody who orders a new hat to be produced when a

new child is born. . .

Some of these interpretations can be true, some false, some ridiculous or
meaningless because they refer to undefined action (order) or notion (birth).

In order to avoid getting cheated by our language, we need to formalize the
language. It can be done in several ways (think of programming languages
to explain to computers the task we need them to perform). Our goal is to
avoid all possible ambiguity, and we will use the language of sets.

4. Sets

Sets consist of elements (which can again be sets). Not everything can
be considered as a set, and in general one has problems with dealing with
very-very-very large (infinite) sets, but we will stay in a very tame world of
relatively “small” sets.

We assume that the notion of the set of natural numbers and set of integers
are known (denoted by N and Z respectively).

4.1. ∅. The empty set ∅ is the only set in the world which contains no
elements at all. Thus any assertion about an element of an empty set is
automatically true. E.g., if M is the set of all winged horses, then all
elements from M are white, black and made of gold simultaneously.

4.2. Subsets. Given a set, say, N, one can form its subsets, by including
in them only some (finitely or infinitely many) natural numbers. Say, even
numbers 2N, finite segments {1, 2, . . . , 5771, 5772} etc. However, the defi-
nition should be unambiguous (the set of unlucky numbers is not a good
set).

4.3. Set theoretic operations. Operations on existing sets produce new
sets:

A ∪B = elements which belong either to A or to B (or to both),

A ∩B = elements which belong to both A and B,

ArB = elements which belong either to A but not to B.

4.4. Arithmetic and algebraic operations. One can use arithmetic, al-
gebraic or any other way to construct sets: for instance, if A,B ⊆ Z, then
one can form the “sumset” and “diffset”,

A + B = {x + y : x ∈ A, y ∈ B}, A−B = {x− y : x ∈ A, y ∈ B}.

4.5. Everything inside. One can consider all subsets of a given set A: this
will be a new, much larger set, which contains both ∅ and A as elements.
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4.6. Products. One can consider some other constructions, e.g., for two
subsets A,B we can consider the set (denoted by A×B) of ordered pairs of
elements:

A×B = {(x, y) : x ∈ A, y ∈ B}.
This way from the set of real numbers R (whatever this means at this mo-
ment) considered as the “real axis”, we form the plane with the coordinates
x, y.

Problem 2. Prove that Z = N − N, but ∅ = N r N. Never confuse these
two operations!

Problem 3. Prove that {x2 : x ∈ Z} = N ∪ {0} (note that {0} 6= ∅!).

5. Quantifiers

In addition (or, better to say, to add more precision), we need to add the
words “exists” or “all”. For instance, the sumset of all sums x+y, whenever
x ∈ A and y ∈ B. Or, equivalently, this is the set of all number z such that
there exist two elements x ∈ A and y ∈ B such that z = x + y.

The corresponding words are abbreviated to the symbols ∀ for “all” and
∃ for “exists”.

Using these symbols will be very important, so the fluency in dealing with
them is most essential.

Problem 4. Let n ∈ N be a natural number. Describe the set {z : ∃x, y ∈
N such that z = x + y and x, y 6 n}.

Problem 5. Describe the set C = {xy : x, y ∈ N, x > 1, y > 1} and the
difference Nr C.

Problem 6. Which of the following statements about integer numbers
x, y ∈ Z are true? what changes if these statements refer to the natural
numbers x, y ∈ N?

(1) ∃x ∀y : x 6 y;
(2) ∀x ∃y : x 6 y;
(3) ∃y ∀x : x 6 y;
(4) ∀y ∃x : x 6 y;
(5) ∀x ∀y : x 6 y;
(6) ∃x ∃y : x 6 y.

Have you seen anything similar before? What happens, if instead of the
non-strict inequality “6” we use the strict inequality “<”?

The advantage of using the formalized language is, among other things,
the possibility of treating the “logical claims” as new mathematical objects
(counting them, transforming them by certain rules) etc. For instance, the
inequality x 6 y means that a hat of size y ∈ N fits a person with the head
size x ∈ N. This allows to write down all logically possible assertions about
one hat and one man (prove that in the above problem all of them are listed).
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This is the subject of a special branch of mathematics, called Mathematical
Logic, and we won’t explore this direction beyond the minimal knowledge.

6. Free and bound variables

The veracity of the statement x 6 5 depends on x, and is true for x = 5
and false for x = 6. The veracity of the statement x2 > 0 also depends on
x, but in the trivial way: no matter what the choice of x is, it remains true,
thus we can safely claim that ∀x ∈ Z x2 > 0. Note that the latter statement
has no “free indeterminate variable”, x is only the “internal” (dummy) name
which can be replaced by any other name without affecting the result.

We say that the quantifier ∀ binds the label (slot, name, variable, . . . ) x
which comes after it. In the similar way the quantifier ∃ binds the name.

Problem 7. Check the veracity of the following statements, assuming that
the labels x, y stand for the natural numbers (elements of N):

(1) x 6 y;
(2) ∀y x 6 y;
(3) ∀y x < y;
(4) ∃x;
(5) ∃x x 6 y;
(6) ∃x ∀x x 6 y.


