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Vladimir Igorevich Arnold in the Eyes of His Students
On the occasion of his 70th birthday
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A lot has been written about the works of Vladimir Igorevich. One more paper will hardly add
anything new. We will begin a new subject: Arnold in the eyes of his students. This note is of a
subjective nature, and a lot is left out. We hope that the paper will be continued: this new subject
deserves a book rather than an article.

There is an old school with large windows in Starokonyushennyi Alley near the Arbat. This
was the Medvednikovs Grammar School in the old days; now it is School no. 59. Its two-story-high
assembly hall is ornamented under the ceiling by plaster eagles with wings spread. On the stage,
there used to be full-length portraits of Lenin and Stalin, which ran the entire height of the hall.
Arnold studied in this school at a time when both portraits were in place and some professors still
recalled prerevolutionary years.

Mathematics in School no. 59 was taught by Ivan Vasil’evich Morozkin, one of the best teachers
in Moscow. Schoolchildren of any era have a talent for annoying their teachers; however, there
was no question of discipline during Morozkin’s lessons. “Erase that ugly thing and write another
one,” he would tell a confused student at the blackboard. “Look at your posture! Where is your
foot? Your foot?” he used to shout at a slouching student who was called upon to recite his lesson.
He warned how not to write mathematical texts. “Why do you write ‘it is obvious’? Pontryagin,
the best geometrician of the world, is blind; he cannot see anything with his eyes!”1 At the same
time he could fill his students with enthusiasm. Even to fifth-year students, in the first year of
their acquaintance, he set up problems without any comments, which required all the efforts even
from the most gifted students. “Two old ladies started their journey at dawn, each with a constant
speed. One went from A to B and the other from B to A. They met at midday and reached their
destination points without stopping: the first reached point B at 4 p.m., and the second reached
point A at 9 p.m. At what time was the sunrise that day?”

“I was thinking over this problem the whole day,” recollects Arnold, “and the solution came to
me as a revelation. The delight of discovery that I experienced that time [in 1949] was exactly
the same as I experienced when solving more serious problems . . . .” In 1957 Morozkin showed his
students a thin reprint from Doklady Akademii Nauk SSSR and said, “A third-year student has
solved one of Hilbert’s problems. This deserves a doctorate!”

However, for this study, which completed the solution of Hilbert’s 13th problem (representation
of functions by compositions), Arnold was given only a candidate’s degree. When one member of
the Scientific Council of the Department (now the Institute) of Applied Mathematics proposed that
Arnold should be granted a doctorate, another member said, “Let’s wait a bit. Arnold has some
other results.”

1In Russian “obvious” (очевидно) literally means “seen with eyes.”
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Before we get to these results, let us digress a bit. At university, Arnold was successively a stu-
dent of A.G. Vitushkin, E.B. Dynkin, and, finally, A.N. Kolmogorov. The latter proposed Hilbert’s
13th problem to him as a subject of a term paper. This problem has an algebraic version, called
the resolvent problem. While Hilbert’s 13th problem was solved completely due to Kolmogorov and
Arnold’s efforts, the resolvent problem is still open. Arnold obtained remarkable results on this
problem as well. They are related to the study of the topology of multivalued algebraic functions
and their discriminants. As always, these results of Arnold had great resonance. They not only
completely changed the face of the theory of Artin braid groups but also stimulated the appearance
of new branches in knot theory and new variants of the Galois theory.

In the early 1960s, there were rumors flying about the Department of Mechanics and Mathe-
matics of the Moscow State University that Arnold had solved the three-body problem, a problem
that Poincaré had been unable to solve. Arnold was delivering a special course on the KAM
(Kolmogorov–Arnold–Moser) theory, which went by a different name at the time. A journalist
who came to do an interview with Arnold was told that the lecturer was young and hardly dis-
tinguishable from a student. “Find the one who looks most respectable.” The journalist made
his choice and came up to A.B. Katok, a third-year student at the time and now a well-known
mathematician, who currently works in the United States. The journalist asked him, “Professor,
would you please tell me . . . .” Arnold was not only young, like the students who attended his
lectures, but also equally poor. One who had been a student at the beginning of 1960s recollected
that Arnold would come to classes on analysis with a floppy sole on one of his shoes tied fast with
a shoelace.

In 1963, Arnold published two large papers in Uspekhi Matematicheskikh Nauk that contained
the first complete account of the KAM theory. The heroic period of developing a new theory was
finished. People were anticipating what surprise Arnold would deliver in the following year. The
year, 1964, when it came, brought Arnold diffusion. It turned out that Hamiltonian systems with
more than two degrees of freedom may have no stability: Kolmogorov tori do not separate the space,
and an orbit may drift between these tori while going as far away as desired. Several books and
many papers have been devoted to Arnold diffusion. The following problem, which is considered by
experts as the basic problem in the theory of Hamiltonian systems, is related to Arnold diffusion:
Is Arnold diffusion typical?

In 1965, Arnold embarked on a remarkable special lecture course “Visual Topology.” However,
this special course was interrupted, to the regret and, at the same time, to the joy of the audience:
Arnold was permitted to go abroad! This trip had been in preparation for a long time, since Arnold’s
student years. Now Professor Arnold went to Paris to study under Professor Leray. In Paris, it
turned out that the student and the professor had different views on the nature of turbulence. Leray
believed that turbulence is caused by the loss of uniqueness: solutions of the Navier–Stokes equations
with smooth initial conditions lose smoothness and become so irregular that they do not obey the
uniqueness theorem. According to Leray, it is the branching of solutions due to nonuniqueness that
is responsible for turbulence. Note that in the 1930s Leray proved a global (in time) existence
theorem for weak, i.e., nonsmooth (generalized, as they were called later), solutions of the Navier–
Stokes equations with a three-dimensional flow region. On the contrary, following Landau and Hopf,
Arnold believed that the Navier–Stokes equation behaves as an infinite-dimensional differentiable
dynamical system. The solutions of this system do not lose smoothness but approach a hyperbolic
attractor. The exponential scatterring of trajectories near the attractor and their chaotic behavior
are responsible for the nonreproducibility of experiments and turbulence in fluid dynamics. The
argument between Arnold and Leray is still unresolved. The main problem—Do there exist smooth
solutions of the Navier–Stokes equation that are defined globally in time for any smooth initial
condition?—is included among the Millennium Problems. The Clay Mathematics Institute is offering
a prize of one million dollars for a solution to this problem.
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As regards complete results, Arnold proved that the solutions of the Euler equation for the flow
of an ideal fluid are nothing but geodesics on the diffeomorphism group of the flow region. As usual,
this work was picked up by other mathematicians. In the same study (1966), Arnold discovered
the exponential instability of special solutions of the Euler equations on surfaces and proved that
long-term weather forecast is impossible, but only under the simplifying assumption that Earth has
the form of a torus.

From France Arnold brought news of the rise of a new field of science, singularity theory,
appeared under the influence of studies by Hassler Whitney and René Thom. He used to pose the
following problem to all of his students: classify the singularities of generic self-mappings of a plane,
and pointed out that singularity theory has an exact date of birth, 1955, when Whitney’s paper
with this classification (on Whitney folds and cusps) was published. For a long time following, the
seminar headed by Arnold was called “Singularity Theory.” Before Arnold’s trip to France, it was
called “Dynamical Systems,” and in recent years it is called simply “Arnold’s Seminar.”

Soon after Arnold returned from France, his seminar discussed “the last geometrical theorem of
Poincaré.” According to this result, which was discovered by Poincaré and proved by Birkhoff, an
area-preserving self-mapping of a ring that “turns boundary circles in opposite directions” has at
least two fixed points. Arnold found an unexpected multidimensional generalization of this theorem.
According to Arnold’s conjectures, a Hamiltonian differential equation on an arbitrary symplectic
manifold with time-periodic Hamiltonian has many periodic orbits (the lower bound for the number
of periodic trajectories depends on the topology of the manifold). Arnold proved his conjectures
only for sufficiently small Hamiltonians. Now these conjectures are largely proved, but their proofs
required hard work and lasted many years. This gave rise to symplectic topology, a new intensively
developing field of mathematics.

Arnold ardently advocated the philosophy of general position, which goes back to Poincaré,
Andronov–Pontryagin, Whitney, and Thom. According to this philosophy, the solution of any
classification problem should start from the analysis of generic cases, and only after that can one
pass on to the study of degenerate cases in order of increasing codimension of degeneracy. Degenerate
cases should be studied together with their deformations. The study of degenerate cases before the
generic case is well understood is a pointless endeavor.

Vladimir Igorevich systematically applied this ideology in his studies on singularity theory. His
approach to the local bifurcation theory, which completely changed the face of this theory, is also
based on the above-mentioned ideology. His student A. Shoshitaishvili proved a reduction princi-
ple that allows one to discard redundant “hyperbolic” variables when studying local bifurcations.
Another of his students, R. Bogdanov, examined the first bifurcation of codimension 2, in which
nonlocal phenomena arise together with local ones: a separatrix loop and limit cycles emerging from
its perturbations. “It is not in vain that I engaged two people on different sides,” Arnold later said.

Arnold published only one paper on local bifurcations of codimension 2 upon analyzing the loss
of stability by self-induced oscillations. Together with Bogdanov’s work, these studies opened a
new era in the local bifurcation theory. The bifurcation theory for the germs of vector fields and
mappings with codimension 2 degeneracies has been developed largely by Arnold and his students.

In the early 1970s, Arnold classified simple singular points of functions of several variables, by
relating them to the theory of discrete groups generated by reflections. Again, this is a completely
unexpected relation between two objects of different nature, and again Arnold’s work stimulated a
flow of remarkable results of other mathematicians.

Arnold’s seminar covered everything, for example real algebraic geometry. Hilbert spent a lot
of effort constructing real plane algebraic curves of a given degree that have the maximum possible
number of ovals. Unsuccessful attempts to construct such curves with an a priori possible topology
of arrangement on the projective plane convinced him that not all possibilities are feasible. Hilbert
collected open problems of real algebraic geometry in his 16th problem. D.A. Gudkov solved one of
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these problems for curves of degree 6; however, the general picture remained unclear. Arnold found
general surprisingly fine topological obstacles showing that many a priori possible arrangements of
curves with the maximal number of ovals cannot be realized. Arnold’s studies were picked up by
V.A. Rokhlin, D.A. Gudkov, and their students. As a result, real algebraic geometry has reached a
completely new modern level.

The first result related to the algebraic part of Hilbert’s 16th problem was obtained by I.G. Petro-
vskii in the middle of the 20th century. He found remarkable estimates for the Euler characteristics of
real algebraic sets. Arnold discovered that wonderful Petrovskii’s inequalities are closely connected
with the Eisenbud–Levine–Khimshiashvili formula (which appeared much later) for calculating the
index of a singular point of a vector field. This discovery allowed Arnold to find general estimates
for the indices of singular points of homogeneous vector fields (not necessarily of gradient type);
these estimates generalize Petrovskii’s inequalities (but unlike Petrovskii’s inequalities, Arnold’s
estimates are sharp). Arnold related Petrovskii’s estimates to the mixed Hodge structures on the
vanishing cohomology and explained that there is a close connection between Petrovskii’s inequali-
ties, Kharlamov’s inequalities, and the Eisenbud–Levine–Khimshiashvili formula.

Every fall, Arnold’s seminar begins with the announcement of his new problems, conjectures,
and a long list of new remarkable works of other mathematicians that, according to Arnold, must
be urgently discussed and understood. Unfortunately, the participants do not have enough time or
energy for everything. Many problems and conjectures are left for future work. It is a wonderful
thing to solve a problem posed by Arnold. The solutions of many of these problems gave rise to new
directions in mathematics. In 2000, Phasis publishers issued a large book entitled Arnold’s Problems
(which was translated into English by Springer). It has the following epigraph, which does not need
any comment: “I am very grateful to a large number of my former and present students, who have
written this book. V.I. Arnold.”

Arnold has a striking mathematical intuition. He has formulated hundreds of conjectures, often
based on a large number of examples calculated by him. Part of these conjectures can be found
in the above-mentioned book Arnold’s Problems, and the rest were formulated in his numerous
lectures. A number of these conjectures have been proved. Some mathematicians have attempted
to disprove some of Arnold’s conjectures, but without much success. One can say that, in a sense,
disproving a conjecture of Arnold deserves more respect than proving it.

Nature endowed Arnold with a broad spectrum of extraordinary talents. He strives for perfection
in any work he starts, be it skiing in swimming trunks and bathing in an ice hole, studying the
correspondence between Hooke and Newton, or studying Pushkin’s works. He has an amazing ability
to quickly solve administrative matters. He writes reviews and recommendations immediately,
almost without drafts or corrections, with a surprisingly precise grasp of the core of the problem. It
is hard to believe, but Arnold had a clear idea and a personal opinion about each of the hundreds
of papers submitted to the journal Functional Analysis and Its Applications, which he ran for many
years.

Arnold is an outstanding teacher. The special courses and seminars that he led at the Faculty of
Mechanics and Mathematics, Moscow State University, from the 1950s to 1990s attracted hundreds
of listeners. Later, his lectures at the École Normale and at the Poincaré Institute made a similar
deep impression on students of Parisian universities. Arnold has a clear and emotive manner of
expressing himself. His ability to state mathematical theories, history of science, and worldly things
concisely and in a geometrically visual way, penetrating the core of a problem, is just extraordinary.

Arnold hurries to communicate to his listeners and readers everything that he has read, under-
stood, pondered over, and thought out. He does not leave any of his papers unfinished. According
to him, if you do not write a paper immediately, it is much more difficult to return to the subject
afterwards. The summaries of his lectures on theoretical mechanics, differential equations, and
singularity theory served as a basis for remarkable textbooks that have no rivals. Despite the fact
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that Arnold explained a subject by simple examples in his lectures, it was very difficult to pass
exams on these courses because Arnold did not go into details and the listeners themselves had to
perform creatively.

Every time the proof of some fact is based on a long chain of transformations and calculations,
Arnold says, “The proof is there; why it’s so, is unclear.” The geometrically obvious and elegant
proofs found by Arnold are in fact the result of many hours of laborious calculations and estimates.
Sometimes it seems: How simple it is; why couldn’t we figure it out? The point is that the problem
requires enormous erudition, encyclopedic education, the knowledge of various, even unrelated, fields
of mathematics and physics, and much else.

Arnold’s entire life has been the process of learning and communicating new knowledge to
everybody: readers and listeners—schoolchildren, students, and scientists.

Here is an incomplete list of mathematicians that have defended their candidate’s dissertations
under Arnold’s supervision: F. Aikardi, S. Anisov, E. Belaga, I. Bogaevsky, R. Bogdanov, L. Bryz-
galova, G. Capitanio, Yu. Chekanov, A. Davydov, E. Ferran, M. Garay, V. Ginzburg, A. Givental,
V. Goryunov, E. Horozov, M. Kazaryan, O. Karpenkov, V. Karpushkin, B. Khesin, A. Khovanskii,
V. Kostov, O. Kozlovski, A. Kushnirenko, E. Landis, S. Lando, A. Leontovich, L. Levantovskii,
O. Lyashko, V. Matov, M. Mishustin, J. Moussafir, F. Napolitano, N. Nekhoroshev, L. Ortiz,
O. Platonova, P. Pushkar’, A. Pyartli, A. Roitvarf, E. Rosales, V. Sedykh, M. Sevryuk, B. Shapiro,
M. Shapiro, I. Scherbak, O. Shcherbak, A. Shmelev, A. Shoshitaishvili, R. Uribe, A. Varchenko,
V. Vassiliev, S. Vishik, V. Zakalyukin, and H. Zoladek. Actually, Arnold had many more students,
but not all of them defended their dissertations under his supervision. Many of his students have
become well-known scientists.

His strikingly wholesome and strong character and intellect clearly manifested themselves when
he was recovering after a tragic bicycle accident. In a situation where an ordinary man would not
have survived at all, Arnold’s recovery was miraculous. In the roughest period, when he could
hardly open his eyes, he remembered without error the place of work of each of more than one
hundred conference participants who signed a letter sent to him.

Arnold is one of the founders and the head of the tutorial council of the Independent University
of Moscow (1991) and the Moscow Center for Continuous Mathematical Education (1994), where
many of his former students teach students and schoolchildren. In recent years, Arnold did a great
deal to ensure that planned education reform in Russia was not disastrous.

Arnold is the author of more than 600 papers, about 30 monographs, and 4 textbooks. Five
times he was an invited lecturer at the International Congresses of Mathematicians, in two of which
he gave plenary lectures. Arnold’s works have changed the face of modern mathematics. These
lines are a modest tribute to him for his titanic work. His scientific works constitute an infinite
subject. We only slightly touched upon the results obtained by him in his early life. This creative
youthfulness has never ceased and still continues. Just like he was decades ago, Arnold is filled with
new ideas and the desire to explore further into new fields, as well as to teach and work and work.

Let us wish Vladimir Igorevich many years of youth to his joy and the joy of the entire mathe-
matical world.

A.A. Davydov, S.M. Gusein-Zade, Yu.S. Ilyashenko,
M.E. Kazaryan, A.G. Khovanskii, A.G. Kushnirenko,

S.K. Lando, A.N. Varchenko, V.A. Vassiliev, and V.M. Zakalyukin
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