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Exercise 17.17. Prove that the degree of the bundle £p is equal to |D| = dy +
e+ dy,.

Problem 17.18. Prove that any holomorphically invertible matrix function F'(t)
in the annulus A = Uy N U; can be factored out as F(t) = Hy(t)H;(t)t” with
the terms H;(t) holomorphically invertible in U;, ¢ = 0,1, and an integer diagonal
matrix D. It is this form that is sometimes called the Birkhoff factorization.

In particular, any nonzero meromorphic germ of a matrix function F(t) at
the infinity admits factorization F(t) = IT(t)H(t)t" with a monopole IT(¢) and a
holomorphically invertible germ H(¢) at infinity.

Problem 17.19 (|Bol00]). Prove that a holomorphic vector bundle 7: S — T
is topologically trivial if and only if its degree is equal to zero. The topological
triviality means that there exists a homeomorphism F: S — T x C" fibered over
the identity and linear on each fiber.

18. Riemann—Hilbert problem

The problem is as follows: To show that there always exists a linear
differential equation of the Fuchsian class, with given singular points and
momnodromy group. The problem requires the production of n functions
of the variable z, regular throughout the complex z-plane except at the
given singular points; at these points the functions may become infinite
of only finite order, and when z describes circuits about these points the
functions shall undergo the prescribed linear substitutions.

D. Hilbert, 1901, reprinted from [Hil0O]

The Riemann—Hilbert problem, also known as Hilbert’s twenty-first prob-
lem, requires constructing a linear system with the prescribed monodromy
group and positions of all singularities. The original formulation by Hilbert
is somewhat confusing, since the clarification given in the text after it, de-
scribes only the regularity condition, while the main formulation explicitly
mentions Fuchsian systems.

One can think of not one but rather three different accurate formulations,
when a given monodromy group is required to be realized by:
(i) a Fuchsian linear nth order differential equation,
(ii) a linear system having only regular singularities, or
(iii) a Fuchsian system on the whole Riemann sphere P.
In each case it is required that the equation (resp., the system) be nonsin-
gular outside the preassigned points.

The negative answer in the first problem was known already by A. Poin-
caré: the reason is that the dimension of the space of all Fuchsian equations
having m prescribed singular points on P, is strictly smaller than the dimen-
sion of all admissible monodromy data, except for the case of second order
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equations with three singular points studied by Riemann. The correspond-
ing problem is discussed in §19F.

J. Plemelj [Ple64] gave a solution of problem (ii) while claiming solution
of the strongest problem (iii). The gap was discovered by Yu. Ilyashenko
[AI85] and A. Treibich [Tre83| in the earlier eighties. The positive part of
the Plemelj theorem is described in §18B.

Yet only recently it became clear that there is a substantial difference be-
tween the formulations (ii) and (iii). It was proved independently by A. Boli-
bruch [Bol92] and V. Kostov [Ko0s92] that an irreducible monodromy group
can always be realized by a Fuchsian system. In this section we explain a
remarkably simple proof of the Bolibruch—Kostov theorem which was com-
municated to us by the late A. Bolibruch.

However, for a reducible monodromy group the answer to problem (iii)
may be negative. The counterexample, also due to Bolibruch, is described
in §18EL

The way to understand reasons and obstructions for solvability of the
Riemann—Hilbert problem passes through its generalization, the Riemann—
Hilbert problem for meromorphic connexions on holomorphic vector bundles.
The “elementary” (analytic) demonstration of these results, is given in [16.

18A. Riemann—Hilbert problem on abstract bundles. In invariant
terms the Riemann—Hilbert problem can be formulated as follows: construct
a meromorphic connexion on the trivial bundle over the Riemann sphere,
having preassigned Fuchsian singular points at the specified points and the
preassigned holonomy group.

In the category of abstract vector bundles the Riemann—Hilbert problem
becomes in a sense trivial: any collection of matrix connexion forms can

be realized by a meromorphic connexion on a suitable holomorphic vector
bundle.

We start by choosing a special system of generators for the monodromy
group. Consider m distinct points a1, ..., a,, on the affine plane C C P. By
choosing an appropriate affine chart one can always guarantee that a;/a; ¢
R4, i.e., that the line segments [0, a;] connecting the origin with these points
are pairwise disjoint except for the common origin.

Definition 18.1. The canonical loops generating the fundamental group
of the Riemann sphere with finitely many deleted points P ~ X, Y =
{ai,...,an} are the loops which consist of line segments connecting the
origin with each singular point a; € C, encircling the latter along a small
counterclockwise circular arc and then returning along the same segment in
the opposite direction; see Fig. II1.2. All circular arcs are pairwise disjoint.



314 II1. Linear systems

Figure II1.2. Canonical loops and specification of the monodromy data

The fundamental group 1 (P~ X, 0) is generated by the canonical loops
v, © =1,...,m, related by a single identity v 0- - -0, = id. We will always
assume that the points are numbered counterclockwise (see Fig. II1.2) and
cyclically, i.e., the point a,, follows after a,,—1 and is in turn followed by a;.
Denote by Uy C C the disk {|t| < R} containing all points a;.

Recall that the monodromy data is a collection of m points aq, ..., an
as above and invertible linear operators My, ..., M,, € GL(n,C) such that
their product in the specified order is the identity; see (16.16)).

Definition 18.2. The monodromy data is realized by a meromorphic con-
nexion V on a holomorphic vector bundle of rank n over P, if the singular
points of the connection are aj,j = 1,2,...,m, and the holonomy A; (the
linear self-map of the fiber 7o = 7—1(0) = C" associated with each canonical
loop 7;) coincides with M; for all j =1,...,m.

Example 18.3 (Realization of a single operator). Every single holonomy
operator can be immediately realized by the holonomy of a Fuchsian system.
Indeed, let U = U; C C be a simply connected domain containing both the
origin and the point a;. Then the holonomy operator for the Fuchsian matrix
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1-form
Q; = ; e (Uj) & M(Uj), exp 2miA; = M; (18.1)

—a;

associated with the fiber {0} x C", coincides with M;. Recall that the
equation exp 2miA; = M is solvable for any nondegenerate matrix M; by
Lemma 3.11L

Note that the realization is by no means unique: besides the freedom of
choice for the matrix logarithm discussed in §3D) one can also construct (in
the resonant case) a non-Euler system.

We show now how an arbitrary monodromy data for several singularities
can be realized as a holonomy of a Fuchsian connexion on an abstract bun-
dle. Consider a collection of meromorphic matrix 1-forms €;, j =1,...,m,
such that each form is meromorphic in Uy and has a unique pole at a;. The
collection {€2;}7* of such meromorphic matrix 1-forms will be called admis-
sible, if A, 0---0 Ay =id. This happens automatically if each €2; realizes
the holonomy operator M; from the monodromy data {Mi, ..., M,,}.

Theorem 18.4. For any admissible collection of meromorphic 1-forms

QJ € AI(UO) ® M(UO)a Sing Qj = {aj}7 J=1...,m,
Aj:Afyj EGL(T()), Ay 0---0A1 =id,

there exists a holomorphic vector bundle w: S — P of rank n over the Rie-

mann sphere and a meromorphic connexion V on this bundle such that the

singular locus of V coincides with X = {ay,...,an} and at each singular

point ay the connexion is locally biholomorphically equivalent to the connex-
ion d — Q.

(18.2)

In other words, one can construct holomorphic bundles over P with any
preassigned holonomy group, specifying in addition the types of singularities
(regular, Fuchsian or even arbitrary irregular) as well as their position. Of
course, there is no guarantee that the bundle obtained this way, will be
trivial.

Proof. The assertion of the theorem is largely a tautology very similar to
that asserted in Theorem [17.6. The accurate proof consists of two steps.

On the first step we construct a holomorphic bundle 7: S — Uy over
the large disk Uy and a meromorphic connexion on it with the specified
holonomy operators. Because of the admissibility, the holonomy associated
with the boundary of the disk is identical. On the second step we “seal” the
hole at infinity, constructing a holomorphic vector bundle over PP.

We construct explicitly the cocycle which defines the bundle 7 over the
disk Uy as follows. To define the covering, we slice the disk into sectors
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S; = {a; < Argt < oj41, [t|] < R} in such a way that each sector S
contains only one singular point, and consider the covering of Uy by the open
domains Uj, j = 1,...,m, which are small e-neighborhoods of these sectors.
The number ¢ is chosen so small that the intersections Uj ;11 = U; N Uj4q,
the e-neighborhoods of the rays Argt = «;, are all disjoint from the singular
locus X. Note that the origin ¢ = 0 belongs to all domains Uj.

If we slit each domain U; along the radius connecting the corresponding
point a; with the boundary of the disk Up, then none of these slits inter-
sect the pairwise intersections U;;. On the other hand, in the slit domains
we may define holomorphic invertible matrix solutions X;(t) of the matrix
differential equations dX; = ©;X; with the initial condition X;(0) = E.

Define the holomorphic matrix cocycle

Hyj=X;-X;' on Uy (18.3)

The cocycle identities are obviously satisfied, and differentiating (18.3), we
conclude that
dHyj = dX; - X;' + Xi(-X;'dX; - X571 = O Hyy — Hy Q.

Let m: S — Uy be the holomorphic vector bundle 7: S — Uy over the disk
Up, described in Theorem [17.6, for which the cocycle 3 = {H;;} is the
collection of transition maps. Then the collection of the matrix forms €;
defines a meromorphic connexion V on S with the polar locus Y. Since
H;;(0) = E, the holonomy maps of this connexion, associated with the
section 7~ 1(0) and the loops 7, coincide with the prescribed linear operators
A;. In particular, the holonomy of the boundary circumference of the disk
Uy is trivial by (18.2).

To “seal the gap” and extend the bundle 7 just constructed over Uy on
the disk P\ Uy, we consider the trivial bundle of the same rank n over the
disk U; = {|t| > R — ¢} C P on the Riemann sphere, equipped with the
trivial connexion V = d.

Any linear invertible map of a fiber 7=1(a) — C", a € Up; = Uy N U7,
can be extended uniquely as a holomorphic gauge map Hoy: 7' (Upt) —
Up1 x C™ fibered over the identity map of the annulus Uy, which sends
horizontal sections of V to the horizontal (constant) sections of the trivial
bundle. In a standard way we can now construct the holomorphic bundle
over the union Uy U U; = P with a holomorphic connexion on it, without
singularities outside Uy and the prescribed holonomy group in Uy. O

18B. Connexions on the trivial bundle. If the abstract bundle 7: .S —
P constructed in Theorem [18.4] is holomorphically equivalent to the trivial
bundle 7my: P x C"* — P, the globally defined connexion matrix would solve
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the Riemann—Hilbert problem in the classical sense. However, this holo-
morphic triviality may be only accidental, and in general the bundle will be
nontrivial.

Nevertheless we can assume that the bundle is already in the standard
Birkhoff—-Grothendieck normal form, i.e., a pair of trivializations is chosen
so that the transition cocycle between them is the standard matrix t°.

For such a standard bundle we will construct an explicit meromorphic
trivialization, a bundle map F': § — P x C" with a single pole at infinity.
This bundle map is given by the cochain F = {id,t~P}, where D is the
splitting type.

The trivializing map F' carries the connexion V on S to a meromorphic
connexion on the trivial bundle over P. The resulting connexion has the
same holonomy group, yet its singularity at infinity will in general only be
regular non-Fuchsian.

The bundle 7 constructed in Theorem [18.4/is holomorphically equivalent
to the standard Birkhoff-Grothendieck bundle, the equivalence being defined
by a holomorphic matrix cochain § = (Go,G1). The meromorphic bundle
map F which trivializes 7, is the composition {Fy = Go, F; = t~ PGy},
whose components are columns of the commutative diagram

U>A -2 Acu,

GOl J,Gl A=Uny,
tD IED: UOUU17 184
UyDA —— AcCUyp Go € GL(n,0(Uy)), (184
idl lt_D G1 € GL(n, O(U1)).

UyD A L AcCly
The upper square of this diagram is the holomorphic equivalence of the
bundle 7 and the standard bundle £p, the lower square is the meromorphic
trivialization.

The Fuchsian connexion V on the bundle 7 constructed in Theorem [18.4),
is F-related with a connexion V on the trivial bundle my. Yet this connexion
is obviously regular, even if the point ¢ = co was singular (Fuchsian) for V.
This immediately implies the affirmative solution of Problem (ii) (p. 312).

Theorem 18.5. Any monodromy group can be realized by a reqular linear
system on the Riemann sphere.

Moreover, the regqular system can always be constructed with all singu-
larities Fuchsian, except for at most one. O

Somewhat embarrassingly, the singularity of Vg created at the point ¢t =
00, is non-Fuchsian even if this point was nonsingular for V. Yet the regular
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singular point at infinity for the connexion V( sometimes can be further
simplified using monopole gauge transforms. Recall that the monopole gauge
transforms are meromorphic gauge self-maps of the trivial bundle, which are
nonsingular at all points of P except the point ¢ = co (cf. Definition [16.34).

The following result was first proved® by J. Plemelj in [Ple64].

Theorem 18.6. If at least one monodromy operator M; is diagonalizable,
then the corresponding monodromy data can be realized by the holonomy of
a Fuchsian system on P.

Proof. Consider the abstract bundle 7 realizing the specified holonomy
group as in Theorem [18.4. Without loss of generality we may assume that
the bundle is trivialized over two charts Uy, Uy by a Birkhoff—-Grothendieck
cocycle H and the connexion V is represented by two meromorphic matrix
1-forms g, Q1. Again without loss of generality we may assume that the
diagonalizable monodromy operator corresponds to the singular point ¢t = oo
and the corresponding Fuchsian connexion form over U is already diagonal
and is an Euler system in the standard chart,

dX =\ X, Q=A% A=diag{\,...,\}. (18.5)

Consider the meromorphic gauge transform (18.4) which trivializes the
bundle w. This transform carries V to the meromorphic connexion Vj
on the trivial bundle, defined by the single meromorphic matrix 1-form
Q € Mat(n, AY(P) @ M(P)) with all singularities in the finite plane already
Fuchsian.

The singularity at infinity is regular non-Fuchsian and has a fundamental
(multivalued) matrix solution of the form X (t) = t~PG1t4, as follows from
the explicit form (18.5) and the diagram (18.4), where G is a holomorphic
invertible matrix function near ¢ = co.

Inverting the order of matrix terms by Lemma [16.36, we may rewrite
the solution X (¢) under the form

X(t) =0 )G )t P, G eGL(n,0P,x)), IIeGL(n,C[t]).
After application of the monopole gauge transform I/ we obtain a matrix
form ' = dIT - II-' + [TQIT~! with all finite singularities still Fuchsian (as
the order of pole cannot be changed by a holomorphic local gauge equiv-

alence) and the regular singular point at infinity, having a fundamental

matrix solution X'(t) = G'(t) t4~P’, since diagonal matrices commute and
DA =AD"

4The assumption on diagonalizability was missing in [Ple64], as was noted by Ilyashenko
and Treibich.
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From this representation it follows immediately that €’ has a first order
pole at infinity with the principal term conjugate to (A — D’)%, that is, €/
is Fuchsian also at infinity. O

18C. Invariant subbundles and irreducibility. Solvability of the Rie-
mann—Hilbert problem for an arbitrary monodromy data is determined to
a very large extent by existence and structure of invariant subspaces of the
holonomy.

Let w: S — T be an arbitrary holomorphic vector bundle with a mero-
morphic connexion V on it.

Definition 18.7. A subbundle L C S is called V-invariant, if fibers of
this subbundle are mapped into each other by all the horizontal transport
operators.

In other words, L is invariant, if any parallel transport operator A,
between two fibers 74, 7, along any path v connecting these points in 7'\ X,
maps L, = L N7, into Ly = LN 1.

A subspace ¢ C C" is invariant by a linear group & C GL(n,C), if it
is invariant by all operators from the group. Obviously, if for a finitely
generated group & = (M, ..., M,,) it is sufficient to verify invariance only
by the generators.

Since monodromy operators A, for all loops v € 7 (T \ ¥,a) are a
special class of parallel transport maps, any subbundle L C S invariant for
a meromorphic connexion generates the invariant subspace ¢, = L N 7, for
the monodromy group, regardless of the type of singular points. The inverse
statement is true only for regular connexions (cf. with Problem 18.4)).

Proposition 18.8. Let V be a regular meromorphic connexion on a holo-
morphic bundle m: S — T.

If ¢t C 7, = 7 a) is a linear subspace (sub-fiber) invariant by all
holonomy operators A, v € m (T \ X, a), then there exists a holomorphic
subbundle L C S invariant by V and extending £, so that L D ¢.

Proof. The only candidate for such a subbundle is the saturation of ¢ by
horizontal sections. We show that this saturation is indeed a holomorphic
subbundle of S, namely, it extends holomorphically at all regular singulari-
ties.

1. By parallel transport along a path connecting the base point a with
any nonsingular point ¢ ¢ Y we can carry the subspace ¢ to a subspace
L(t) in the fiber 771(¢). The result of this transport does not depend on the
choice of the path, since £ is invariant by all holonomy operators.
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The subspaces L(t), t ¢ X, holomorphically depend on the base point:
to see this locally near any point b € T'~\. X, it is sufficient to choose a trivial-
ization in which the connexion form is identically zero. In this trivialization
L(t) is independent of t.

2. It remains to prove that the subbundle L over T\ X, analytically
extends to any singular point. This is a purely local problem that can be
solved in a fixed trivialization (C,0) x C". Let X (t) be a fundamental matrix
solution of the corresponding linear system dX = Q.X.

3. Consider first the case where the monodromy is trivial, i.e., X (¢) is
a meromorphic matrix function. Without loss of generality we may assume
that the subspace L(t) is spanned by the first k& columns (vector functions)
of X. Our goal is to show that one can find some other k holomorphic vector
functions, linearly independent for all t € (C,0).

If £ =1, then any meromorphic vector function x(t) can obviously be
uniquely represented as x1(t) = t"1y1(t) with y;(-) holomorphic and y;(0) #
0. The function y;(t) spans the same subspace (line) and is holomorphic.

Assume that any k-dimensional meromorphic family of subspaces can be
spanned by k holomorphic linearly independent vector functions. Making
an additional holomorphic gauge transform, we may assume without loss
of generality that these vector functions coincide with the first coordinate
vector functions y;(¢t) = (1,0,...,0)7, ya(t) = (0,1,0,...)", etc. Consider
the meromorphic vector function zyy1(t). Without changing the subspace
L(t), we can replace it by another vector function z} () whose first k co-
ordinates are identically zero (subtracting a suitable linear combination of
x1(t), ..., zx(t) with meromorphic coefficients). The vector function w7, (t)
can again be uniquely represented as x),,(t) = t"*+1yp1(t) with ypiq(t)
holomorphic and yg41(0) # 0. Since the first components of yi41 are iden-
tically zeros, the vector functions yi, ..., yrr1 are linearly independent.

4. Assume now that the monodromy of the singular point is nontrivial
and the linear space generated by the first £ < n columns of the fundamental
matrix solution X (¢) is invariant. If these columns are arranged in the
form of a rectangular n x k-matrix Y (¢), then the invariance means that for
some constant k X k-invertible matrix M the result of analytic continuation
of Y around the origin is Y (¢)M. Choosing any matrix logarithm A €
Mat(k, C) such that exp2wiA = M, we conclude that the matrix function
Z(t) = Y(t)t~* is single-valued hence meromorphic at the origin. The
columns of Z generate the same subspace as the columns of Y, thus by
the previous arguments this subspace holomorphically depends on ¢ at any
regular singular point. ([
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Definition 18.9. A meromorphic connexion on a holomorphic vector bun-
dle is called reducible, if it admits a nontrivial invariant holomorphic sub-
bundle. Otherwise the connexion is called irreducible.

From Proposition [18.8| it follows that a regular connexion is irreducible
if and only if its holonomy group is irreducible as a linear representation of
the fundamental group 71 (7~ X, a). In other words, (ir)reducibility is the
property of the holonomy rather than of the connexion itself.

Example 18.10. Let ) be a rational matrix 1-form on P defining a con-
nexion on the trivial bundle over the Riemann sphere. If Q has a block
upper-triangular form, then the connexion V = d — Q is reducible. The
corresponding invariant subbundle is the “constant” coordinate subbundle
spanned by the first coordinate vectors.

Lemma 18.11. Suppose that a rational n X n-matriz 1-form Q on the Rie-
mann sphere P has m > 1 Fuchsian points and a reqular non-Fuchsian point
at the origin. Assume that locally near the origin the fundamental solution
of the system admits representation

X)) =tNY (1), N = diag{v1,...,vn}, v €Z,

where the multivalued matriz function Y (t) is a fundamental solution for a
Fuchsian singularity (so that dY - Y ! has a first order pole at the origin)
and v; are some integer numbers.

If the global monodromy group of the system is irreducible, then the dif-
ference between the numbers v; is explicitly bounded,

lvi —vi| < (m—2)(n—1), Vi,j=1,...,n. (18.6)

Proof. The Pfaffian matrix of the system locally near the origin has the
form

Q=Nttdt + NN,
where ' = dY - Y ! has a first order pole at the origin. Without loss of
generality, we may assume that the entries of the integer diagonal matrix N
are arranged in the nonincreasing order,

vz 2y

(one can always permute the rows by a global constant gauge transformation
that preserves the irreducibility).

The idea of the proof is rather transparent: if two consecutive numbers
Vi, V41 differ too much, then the matrix 1-form €2 will have a corner filled
by rational forms of bounded degrees which are too flat to be nonzero. On
the other hand, a zero corner implies reducibility which is forbidden by the
assumptions of the lemma.
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More accurate reasoning is as follows. If v — g1 > m — 1 for some
k between 1 and n — 1, then all entries in some upper right corner of the
matrix 2 will have zero of order > m — 2 at the origin. Indeed, if i < k
and j > k + 1, then the (7,7)th matrix element of the Pfaffian matrix €2
is obtained by multiplying the corresponding element wéj of QO by t¢, d =
Vi —Vj 2 v — Vg1 > m — 1. Since ' is Fuchsian, its entries have at most
first order pole, thus the order of zero of all w;; with ¢ < kand j > k+1
will be greater than m — 2.

On the other hand, since the form €2 is globally defined on the whole
sphere, its entries are rational 1-forms. By assumptions, these forms have
at most simple poles at no more than m — 1 other points of P'. Thus the
order of zero at the origin cannot be greater than m — 2, unless the form is
identically zero (the difference between the total number of poles and zeros
for any rational form is always equal to 2). This necessarily implies that
wi;j = 0 for all combinations of 4, j such that i <k and j > k + 1.

But the simultaneous occurrence of a corner of identical zeros as was
described above, in the (rational, i.e., globally defined) Pfaffian matrix Q
means that the coordinate subspace {x1 = --+- = x = 0} is invariant by the
system, hence by all monodromy operators, contrary to the irreducibility
assumption.

Thus for the case where the diagonal entries v; are arranged in the
nonincreasing order, the difference between any two consecutive numbers
cannot be greater than m — 2. Hence the difference between any two v; is
no greater than (m — 2)(n — 1) in the absolute value, and this assertion is
already independent on the order of these numbers. O

This lemma immediately implies an impossibility result of Riemann-—
Hilbert type. It provides for a wide class of holomorphic bundles on which
the Riemann—Hilbert problem admits no solution.

Theorem 18.12. An irreducible matriz group with m gemerators cannot be
realized as a holonomy group of a meromorphic,connexion with m+1 singular
points on a holomorphic bundle with the splitting type D = {ds, ... ,d,} over
P, unless the following inequalities hold,

di —dj| < (m—2)(n—1)  Vi,j=1,....n. (18.7)

Proof. Assume that such a connexion V exists and the point at infinity is
singular for it.

Consider the meromorphic trivialization of the bundle 7 by the cochain
(18.4) described in §18B. This trivialization does not change the holonomy
group, thus the connexion V on the trivial bundle is also irreducible.
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A fundamental matrix solution for horizontal sections VoX = 0 near in-
finity has the form X (t) = t~PG(¢)Y (t), where G is holomorphically invert-
ible at infinity and Y'(¢) is a fundamental solution of the equation VY = 0
near infinity. This follows from the explicit form of the trivialization (18.4).

By assumption, V is Fuchsian, so the logarithmic derivative dY - Y1 of
the matrix function Y'(¢) has a first order pole. Since G is holomorphic and
invertible, the logarithmic derivative of the product GY also has a first order
pole at infinity. If one of the equalities (18.7) is violated, after change of
the independent variable ¢ — 1/t which sends infinity to the origin, it would
contradict Lemma [18.11), since all other singularities of Vg are Fuchsian. [

Remark 18.13. The assertion of Theorem [18.12] is remarkable for the fol-
lowing reason. In construction of the holomorphic bundle as in Theorem [18.4
each monodromy operator M; can be realized by infinitely many different
local connexion forms €2;. Even if only the Euler equations are used, still
there is a freedom to choose matrix logarithms which can be used to pro-
duce infinitely many holomorphically nonequivalent types of singularities at
each point a; € X. One could expect that combining these nonequivalent
singularities and patching them together, one can produce infinitely many
different splitting types of holomorphic bundles.

Theorem [18.12] claims that the global condition of irreducibility of the
monodromy group imposes a global restriction that is compatible with fi-
nitely many different splitting types only. In the next subsection we will
show that in fact one of these splitting types admits holomorphic trivializa-
tion.

18D. Bolibruch—Kostov theorem. The most remarkable positive result
on solvability of the Riemann—Hilbert problem was discovered independently
by A. Bolibruch [Bol92] and V. Kostov [Kos92].

Theorem 18.14. Any irreducible matriz group can be realized as the holo-
nomy group of a Fuchsian connexion on the trivial vector bundle over P.

In other words, any monodromy data { M, ..., M,,} such that the matri-
ces M, do not have a common nontrivial invariant subspace, can be realized
by a linear system with rational matrix function {2 having only simple poles
at the specified points and no other singularities. This is the strongest, the
third form of the solvability of the Riemann—Hilbert problem on p. [312.

Proof. Unlike the previous demonstrations, when we started from an arbi-
trary Fuchsian connexion defined by a collection of connexion 1-forms {Q,}
on an abstract holomorphic vector bundle, realizing the specified holonomy



324 II1. Linear systems

group, this time we will use explicitly the freedom in the choice of the con-
nexion forms (}; realizing each holonomy. It is sufficient to vary only one of
the forms.

More precisely, we will assume that one of the preassigned singularities
is at the point ¢ = oo and the corresponding holonomy operator is upper-
triangular. Such a singularity can be realized by the local connexion form
Q, = Apt~1dt with an upper-triangular residue matrix A = A,, with a
fundamental matrix solution t*. Yet without changing the holonomy A,
we can replace (), by a meromorphically gauge equivalent 1-form which
corresponds to replacing the matrix solution by another function tN¢t4. More
specifically, we consider the new connexion form of the structure

N=Netae+ NN (18.8)

The term tNQ,,t~N has the first order at infinity by the usual arguments,
if the matrix A is upper-triangular and the integer numbers v; follow in the
ascending order, vy < -+ < V.

Denote by mn the holomorphic vector bundle obtained by gluing together
the connexions €24, ..., 2,1, dN. This bundle carries the meromorphic con-
nexion represented by the above cochain of 1-forms, which will be denoted
Vn. The connexion Vy is irreducible by construction. Hence the splitting
type D = diag{dy,...,d,} = D(N) of the bundle itself is constrained by the
inequalities from Theorem [18.12.

Consider the meromorphic trivialization (18.4) of the bundle myn. As
usual, it has only Fuchsian singularities at all finite points, and a regular
singularity at infinity with a fundamental matrix solution of the form

X(t) =t PG (t) N4,
where the splitting diagonal matrix D and the holomorphic invertible matrix
G1(t) depend on the diagonal matrix N. By the Permutation Lemma 16.36),

there exists a monopole gauge transform that brings the fundamental solu-
tion X’ into the form

X't =G0t PN =)t PN, G e GL(n, O(P, x)),
where the integer diagonal matrix D’ has the same entries d; but in a per-
muted order.

Yet (and this is the key step of the proof) if the sequence v; was ascending
sufficiently fast and the sequence d; is constrained by the inequality |d —
di 1] < (m—2)(n—1) (cf. with (18.6)), then the sequence v = v; — dj is
also ascending (increasing). To ensure the monotonicity, it is sufficient to
require that

Vig1 — v > (m—2)(n—1) foralli=1,...,n— 1.
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The monotonicity of v/ is sufficient to guarantee that the singularity with
the fundamental solution ¢~P'+N¢A is Fuchsian (recall that A is upper-
triangular). Left multiplication by the holomorphically invertible matrix
G’ does not change this fact: after meromorphic trivialization F' and the
subsequent monopole gauge transform we obtain the trivial bundle with a
Fuchsian connexion on it. O

18E. Bolibruch counterexample. In this section we describe a reducible
matrix group that cannot be realized as the holonomy of a Fuchsian connex-
ion on the trivial bundle. More precisely, we describe an obstruction that
prevents a given matrix group to be realized by a Fuchsian connexion on
the trivial bundle. A similar obstruction is obtained for nontrivial bundles.

Recall that each linear operator M € GL(n,C) over the field C always
has at least one invariant subspace of each dimension k¥ = 1,...,n — 1
(Exercise [18.6). There are operators for which there are no other invariant
subspaces.

Definition 18.15. A linear operator M: C* — C" will be called a
monoblock, if its Jordan normal form consists of a single block of maximal
size.

By definition, the spectrum of each monoblock is a singleton, i.e., the
operator has a single eigenvalue v and for any k < n the power (M — vE)*
has the rank ezactly equal to n — k.

Lemma 18.16. A monoblock operator on a complex n-space has exactly one
invariant subspace of each intermediate dimension k between 1 and n—1. In
a basis in which M has an upper-triangular matriz, this subspace is spanned
by the first k vectors.

Proof. Without loss of generality assume that the unique eigenvalue of M
is zero, v = 0, that is, M is nilpotent.

If V is an invariant subspace of dimension k& < n for M, then the restric-
tion of M on V must also be nilpotent, more precisely, M k]V = 0. But for a
nilpotent operator of class B the rank of M* is exactly n — k, which means
that dim Ker M* = k, and hence V must coincide with Ker M*, being thus
uniquely defined.

It remains to notice that for an upper-triangular nilpotent matrix M,
Ker M* consists of the first k basic vectors. O

Monoblocks are rather rigid; for instance, any monoblock admits a
unique matrix logarithm modulo a scalar matrix (cf. with Remark [18.13)
which is also a monoblock (Problem [18.7). In other words, if a monoblock
is realized as a holonomy of a Fuchsian singular point which is linearizable
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(i.e., equivalent to an Euler system), then the corresponding residue matrix
is a monoblock as well.

In the class of non-Euler systems one may have really different (not lo-
cally holomorphically equivalent) Fuchsian realizations of a monoblock holo-
nomy. In particular, a Fuchsian singular point with a monoblock holonomy
can have different (though necessarily, resonant) eigenvalues. The following
assertion may be considered as a true “nonlinear” analog of the fact that a
monoblock matrix has a monoblock logarithm.

Lemma 18.17. If a Fuchsian singular point of a connexion V of rank n has
a monoblock local monodromy, then for each intermediate dimension k, 1 <
k < n—1, there exists exactly one holomorphic subbundle 7 : Ly — (C,0),
rank 7, = k, invariant by V, and the residue of the restriction Vi, = V|,
of the connexion on the subbundle satisfies the inequalities

Ftrreso Vi = L trresy V. (18.9)

The equality is possible only for all values k = 1,...,n — 1 simultaneously
and only in the case where the residue matriz resg V has a single eigenvalue.

Proof. The assertion is purely local, so it can be verified for a linear system
in the Poincaré-Dulac—Levelt normal form (16.7).

Since the monodromy has a single eigenvalue, all eigenvalues A1, ..., A,
of the residue resg V fall in the same resonant group, i.e., differ only by inte-
gers, as follows from the explicit formula (16.11). Arranging the eigenvalues
in the nonincreasing order A\; > --- > A, (recall again that this means non-
negativity of all differences A\; — A\; > 0 for ¢ < j). In these settings the
connexion matrix A(t) in (16.7) is upper-triangular (Remark [16.14]).

For the system (16.7) in the upper-triangular form, each coordinate sub-
space Ly = {xp41 = -+ =z, = 0} C (C,0) x C™ generated by the first k
coordinate vectors, is invariant and hence constitutes a “constant” invariant
subbundle 7;: Ly — (C,0) of rank k. Moreover, the trace of the residue
matrix restricted on Ly is the sum of the first k eigenvalues Aq,..., A\p of
the residue matrix. Yet since the largest eigenvalues come first, we instantly
obtain the inequalities

% trresg Vi > % trresg V

for the restrictions Vi of V on the subbundles Lj. The equality is possible
if and only if the smallest and the largest eigenvalues are equal, i.e., if
A== = A

To prove the uniqueness, note that since the connexion is of Bolibruch
type, each invariant subspace ¢ € C” of rank k for the monodromy operator
M € GL(n,C) is unique and extends as a holomorphic invariant subbundle,
necessarily coinciding with L. O
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Globalization of this construction leads to a very important notion which
will play a central role in the construction of the counterexample.

Definition 18.18. A meromorphic connexion on a holomorphic vector bun-
dle is called a Bolibruch connezion, if it has a nontrivial invariant subbundle,
all the singular points of the connection are Fuchsian, and the local holo-
nomy of each singular point is a monoblock operator.

The global analog of Lemma [18.17 then takes the following form. Note
that, unlike the “inequality” between the complex numbers, understood
in the “artificial” sense (11.3), the inequality (18.10) relates two rational
numbers.

Theorem 18.19. Suppose that a Bolibruch connexion V' on a holomorphic
bundle @' over P has a nontrivial invariant subbundle w. Then the ratio
of degree to rank for the subbundle is greater or equal to this ratio for the

ambient bundle,

/
rCal — deg S deg

(18.10)

rank7 = rank7’’
The equality occurs if and only if the spectrum of each singularity of V' is

a singleton.

Proof. Let V = V’|; be the restriction of V/ on the subbundle 7: L — P.
Denote k = rankm, n = rankn’. By Corollary [17.35, the degree of both
bundles is equal to the sum of traces of the residues of all singularities.

Adding together the local inequalities (18.9) over all singularities a € X,
we conclude that

% degm = Z%resatrv > Z%resatrv/: % deg .

The equality occurs if and only if all spectra are singletons. O

Together with Corollary [17.25, Theorem [18.19] imposes rather strong
restrictions on Bolibruch connexions on the trivial bundle.

Theorem 18.20. For a Bolibruch connexion on a trivial bundle, the spectra
of all singularities must necessarily be singletons, and the invariant subbun-
dle itself must be trivial.

Proof. If 1y is a trivial bundle and 7 its subbundle invariant by a Bolibruch
connexion V, then degmy = 0. By Theorem [18.19, we have degm > 0 and
by Corollary 17.25, degm < 0. Together these inequalities leave only one
possibility degm = 0, so that in both assertions the extreme cases occur.
This implies both assertions. ([
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We have arrived at the main step of the impossibility proof. The as-
sumptions of Theorem 18.20 (reducibility and Jordan block structure of the
monodromy matrices) are imposed on the holonomy group of the connexion
V rather than on the connexion itself. However, the assertion concerns the
connexion (more specifically, its residue matrices). In other words, Theo-
rem [18.20 implicitly describes an obstruction to realizability of a reducible
monodromy data of monoblock operators by a Fuchsian connexion on the
trivial bundle. In particular, we arrive at the following result which is just
a geometric reformulation of Theorem [16.33.

Theorem 18.21. If a Fuchsian connexion ¥V on a holomorphic bundle © of
rank 4 over P with three singular points has the monodromy matrices

11 3 1 1 -1 -1 2 -1

11 -4 -1 1 2 4 -1 1
11| 3 NE 1 , (18.11)

1 -4 -1 4 -1

then the bundle m is necessarily nontrivial.

Proof. One can easily see that all three matrices (18.11) are monoblocks
(with the respective eigenvalues p12 = 1, u3 = —1) and have an invariant
subspace spanned by the first two coordinates. Hence the connexion V real-
izing the corresponding monodromy data, is necessarily a Bolibruch connex-
ion. If the bundle 7 were trivial then by Theorem [18.20 each residue matrix
Aj = res,; V must have a singleton spectrum A; such that exp 2mi\; = p;
for all j = 1,2,3. Resolving the corresponding equations exp 2miA; o = 1,
exp 2miA3 = —1, we obtain the congruences

A = X2 =0 mod Z, A3 = 1 mod Z. (18.12)
On the other hand, by the index theorem (Corollary 17.35) we would
have for the trivial bundle the equality
degm =0=trA; +trAs +trAs = 4()\1 + Ao + )\3)
The resulting impossible congruence 0 = 2 mod 4Z proves that the bundle
m cannot be trivial. O

This argument gives an alternative proof of Theorem [16.33.

Exercises and Problems for §18.

Problem 18.1. Prove that the Riemann—Hilbert problem is solvable if all mon-
odromy matrices commute, [M;, M;] = 0 for all ¢, j.

Exercise 18.2. Write a detailed proof of Theorem [18.5.
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Exercise 18.3. Prove that the Riemann—Hilbert problem can be always solved
by a Fuchsian linear system for any monodromy data if the meromorphic matrix
form is allowed to have a single extra singular point with identical holonomy at any
preassigned point off the singular locus X.

Problem 18.4. Construct an example of an irregular singularity and a subspace
invariant by the (local) monodromy, which does not extend as an invariant holo-
morphic subbundle over a neighborhood of the singular point (cf. with Proposi-
tion [18.8).

Problem 18.5. Prove that any meromorphic rectangular matrix function X (t) of
size n X k, k < n can be locally near ¢ € (C, 0) represented under the form X (¢) =
L(t)D(t)R(t), where L(t) and R(t) are holomorphic invertible square matrices of
sizes n X n and k x k respectively, and D(t) is the rectangular truncation (first k
columns) of a diagonal matrix which has only integer powers " or zeros on the
diagonal.

Exercise 18.6. Prove that any operator M € GL(n,C) has at least one invariant
subspace Ly C C" of each intermediate dimension k =1,...,n — 1.

Problem 18.7. Prove that any two matrix logarithms A, A’ of the same monoblock
operator differ by an integer multiple of the identity matrix modulo conjugacy:

expA = exp A’ is a monoblock = A — CA'C~! = 2rikE

for a suitable integer number £ € Z and an invertible conjugacy matrix C' €
GL(n,C). Prove that each logarithm is also a monoblock.

Problem 18.8. Prove that the Riemann—Hilbert problem is always solvable in the
classical sense (i.e., on the trivial bundle) in dimension 2.

Problem 18.9. Prove that the monodromy data with one diagonal matrix can be
realized by infinitely many nonequivalent Fuchsian systems.

Problem 18.10. Prove that any irreducible monodromy data can be realized by
infinitely many nonequivalent Fuchsian systems.

Problem 18.11. Prove that the Riemann-Hilbert problem is nonsolvable in all
dimensions greater than 4.

Problem 18.12. Prove the following generalization of Theorem [18.12. Let V be
a meromorphic non-Fuchsian connexion on a holomorphic vector bundle of rank
n and the splitting type D = {dy,...,d,} with at least one Fuchsian singularity.
Denote by m the total order of poles of all singularities. Prove that if for some pair
of indices |d; — d;| > (m —2)(n — 1), then the connexion V is reducible, i.e., has an
invariant subbundle.

19. Linear nth order differential equations

Linear high order scalar differential equation can be reduced to a rather
special class of companion linear systems which are naturally defined con-
nexions on the jet bundle. Because of the special form, regular singular



